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Abstract. — In this paper we define Banach spaces of overconvergent half-integral 
weight p-adic modular forms and Banach modules of families of overconvergent half- 
integral weight p-adic modular forms over admissible open subsets of weight space. 
Both spaces are equipped with a continuous Hecke action for which Up2 is moreover 
compact. The modules of families of forms are used to construct an eigencurve pa- 
rameterizing all finite-slope systems of eigenvalues of Hecke operators acting on these 
spaces. We also prove an analog of Coleman's theorem stating that overconvergent 
eigenforms of suitably low slope are classical. 
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1. Introduction 

In jl7| . the author set up a geometric theory of modular forms of weight fc/2 for 
odd positive integers k, complete with geometrically defined Hecke operators. This 
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approach naturally led to a theory of overconvergent p-adic modular forms of such 
weights equipped with a Hecke action for which Up2 is compact. 

In this paper we define overconvergent half-integral weight p-adic modular forms of 
general p-adic weights, as well as rigid-analytic families thereof over admissible open 
subsets of weight space. We use the latter spaces and Buzzard's eigenvariety ma- 
chine (pi) to construct a half- integral weight eigencurve parameterizing all systems 
of eigenvalues of Hecke operators occurring on spaces of half-integral weight overcon- 
vergent eigenforms of finite slope. In contrast to the integral weight situation, this 
space does not parameterize actual forms because a half-integral weight form that is 
an eigenform for all Hecke operators is not always characterized by its weight and 
collection of Hecke eigenvalues. We also prove an analog of Coleman's result that 
overconvergent eigenforms of suitably low slope are classical. 

This paper lays the foundation for a forthcoming paper of the author in which 
we construct a map from our half-integral weight eigencurve to its integral weight 
counterpart (at least after passage to the underlying reduced spaces) that rigid- 
analytically interpolates the classical Shimura lifting introduced in ^20j . 
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2. Preliminaries 

2.1. General Notation. — Fix a prime number p. The symbol K will always 
denote a complete and discretely- valued field extension of Qp. For such K we denote 
the ring of integers by 0^ and the maximal ideal therein by ttik- The absolute value 
on K will always be normalized by |p| = 1/p. 

2.2. Modular Curves. — For positive integers N and n, Xi{N) and Xi{N, n) will 
denote the usual moduli stacks of generalized elliptic curves with level structure. The 
former classifies generalized elliptic curves with a point P of order N while the latter 
classifies generalized elliptic curves with a pair (P, C) consisting of a point P of order 
N and a cyclic subgroup C of order n meeting the subgroup generated by P trivially 
(plus a certain ampleness condition for non-smooth curves). This level structure will 
always be taken to be the Drinfcld-style level structure found in [15) . [8], and the 
appendix to this paper, and in all cases the base ring will be a Z(p)-algebra. 

Throughout this paper we will make extensive use of certain admissible opens in 
rigid spaces associated to some of these modular curves. Traditionally these opens 
were defined using the Eisenstein series -Ep-i, but this requires that we pose unfavor- 
able restrictions on p and N . Fortunately, more recent papers of Buzzard (fSj) and 
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Goren-Kassaei ([10]) define these opens and explore their properties in greater gen- 
erality using alternative techniques. These authors define a "measure of singularity" 
v{E) € Q-" associated to an elliptic curve over a complete extension of Qp. In case 
v{E) < p/{p + 1), one may associate to E a, canonical subgroup Hp{E) of order p 
in an appropriately functorial manner. Moreover, one understands v{E/C) for finite 
cyclic subgroups C Q E as, well as the canonical subgroup of E/C when it exists. 
Inductively applying this with C — Hp(E), one can define (upon further restricting 
v{E)) canonical subgroups Hpm[E) of higher p-power order. For details regarding 
these constructions and facts, we refer the reader to Section 3 of [3] and Section 4 of 

m 

We will denote the Tate elliptic curve over Z((g)) by Tate (a) (see |14j ). Our no- 
tational conventions concerning the Tate curve differ from those often found in the 
literature as follows. In the presence of, for example, level TV structure, previous au- 
thors (e.g., [14j ) have preferred to consider the curve Tate (q''^) over the base Z{{q)). 
Points of order N on this curve are used to characterize the behavior of a modular 
form at the cusps, and are all defined over the fixed ring 7i([q))[(^N] (where Cat is some 
primitive iV* root of 1). We prefer to fix the curve Tate (q) and instead consider 
extensions of the base. Thus, in the presence of level N structure, we introduce the 
formal variable qjy, and define q = q^. Then the curve Tate (q) is defined over the 
sub-ring Z{(q)) of Z(((7jv)) and all of its A^-torsion is defined over the ring Z((gAr))[Civ]- 
To be precise, the iV-torsion is given by 

CnQ^, 0<hJ<N-l. 

Cusps will always be referred to by specifying a level structure on the Tate curve. 

Suppose that TV > 5 so that we have a fine moduh scheme Xi{N)q^ and let K/Qp 
be a finite extension (which will generally be fixed in applications). If r G [0, 1] fl Q, 
then the region in the rigid space Xi{N)^ whose points correspond to pairs {E,P) 
with v{E) < r is an admissible affinoid open. We denote by Xi{N)'^^_^ the connected 
component of this region that contains the cusp associated to the datum ( Tate (q), Cat) 
for some (equivalently, any) choice of primitive N*^^ root of unity Cn- Similarly, 
Xi{N, n)>'^_r will denote the connected component of the region defined by v{E) < r 
in Xi{N,n)'^ containing the cusp associated to ( Tate (q), Cn. {qn)) for any such C,n- 
For smaller N one defines these spaces by first adding prime-to-p level structure 
to rigidify the moduli problem and proceeding as above, and then taking invariants. 
Similarly, the space Xo(A^)>p_r is defined as the quotient of Xi{N)'^^^_r by the action 
of the diamond operators. The reader may wish to consult Section 6 of ,4| for a more 
detailed discussion of these quotients. 

2.3. Norms. — If X is an admissible formal scheme over Ok (in the sense of [2]), 
we will denote its (Raynaud) generic fiber by Xrig and its special fiber by Xq. In case 
X = Spf(yi) is a formal affine we have Xrig = Sp(j^ ®0k ^) and Xo = Spec(yi/7ryi) 
where tt G Ok is a uniformizer. We recall for later use that the natural specialization 
map 

sp : Xrig — > Xo 

is surjective on the level of closed points (see Proposition 3.5 of [2]). 
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Assume that X is reduced and let £ be an invertible sheaf on X (that is to say, a 
sheaf of modules on this ringed space that is Zariski- locally free of rank one). For a 
point X e Xrig(-£') let 

X : Spf(OL) — > X 

denote the unique extension of x to the formal model. Then the canonical identifica- 
tion 

fl'°(Sp(L),a;*£Hg) = ^^(SpfCOi), r£) Oo^ L 

furnishes a norm | • j^; on this one-dimensional vector space by declaring the formal 
sections on the right to be the unit ball. Now for any admissible open U C Xrig and 
any / G iJ°(l[,£rig) we define 

||/||u = sup|a;*/U- 
xeu 

Note that, in case, 2, = Ox, this is simply the usual supremum norm on fimctions. 

There is no reason for ||/||u to be finite in general, but in case U is affinoid then 
this is indeed finite and endows H^{U, -Grig) with the structure of a Banach space over 
K as we now demonstrate. 

Lemma 2.1. — Let X he a reduced quasi- compact admissible formal scheme over 
Ok, let £ be an invertible sheaf on X, and let U be an admissible affinoid open in 
Xrig. Then iJ^ClX, £rig) is a K-Banach space with respect to \\-\\u ■ 

Proof. — By Raynaud's theorem there is quasi-compact admissible formal blowup 
77 : X' — > X and an admissible formal open il in X' with generic fiber U. For x GlL 

let x' denote the unique extension to an L-valued point of il and let x denote its 
image in X (which is the same x as above by uniqueness). Then we have 

ff°(Spf(0i),J'*7r*£) = H"{Spi{OL),x*&) 

as lattices in _ff°(Sp(L), £rig)- It follows that \f\x = \Tr*f\j: and we may compute 
II /II XX using the models X' and 7r*£, and hence we may as well assume that U is the 
generic fiber of an admissible formal open il in X. Furthermore, we may just well 
replace X by il and assume that il is the generic fiber of X itself. 

Cover X by a finite collection of admissible formal affine opens ilj trivializing £ 
and pick a trivializing section £i of £ on il^. Let Hi = (ili)rig, so that the Hi form 
an admissible cover of IX by admissible affinoid opens. Then, for any section / S 
iJ^CU, £rig), we may write f\ui — a,i£i for a unique £ 0(11^), and one easily checks 
that 

ll/llxx = max||ai||sup. 

The desired assertion now follows easily from the analogous assertion about the supre- 
mum norm on a reduced aSinoid. □ 

The following lemma and its corollary establish a sort of maximum modulus prin- 
ciple for these norms. 
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Lemma 2.2. — Let X — Spf(yi) be a reduced admissible ajfine formal scheme over 
Ok o-nd let U Q be a Zariski-dense open subset of the special fiber. Suppose that 
the generic fiber X = Sp(A ®Ojc ^) equidimensional. Then, for any a £ A (E)Ok ^ j 
the supremum norm of a over X is achieved on sp^^{U). 

Proof. — Let us first prove the lemma in the case that A is normaL First note that if 
|a||sup = 0, then the result is obvious. Otherwise, since the supremum norm is power- 
multiplicative we may assume that ||a||sup is a norm from K and scale to reduce to 
the case ||a||sup = 1- By Theorem 7.4.1 of it follows that a G A (this is where 
normality is used). If the reduction ao G Aq = AjixA vanishes at every closed point 
of C/, then it vanishes everywhere by density, so Oq = in ^Iq for some n, which is to 
say that 7r|a" in A. But this is impossible because by power-multiplicativity we have 
ll'2"l|sup — 1 for all n > 1. Thus ao must be non-vanishing at some point of [/. By 
the surjectivity of the specialization map we can find a point x reducing to this point. 
Clearly then |a(a;)| = 1, which establishes the normal case. 

Suppose that X is equidimensional of dimension d. We claim that it follows that 
the special fiber Xq must be equidimensional of dimension d as well. Indeed, inside 
each irreducible component of this special fiber we can find a nonempty Zariksi-open 
subset V that does not meet any of the other irreducible components. The generic 
fiber T^ig is an admissible open in X and therefore has dimension d. It follows that 
y has dimension d, and the claim follows. 

Let / : X — > X be the normalization map (meaning Spf applied to the nor- 
malization map on algebras) and note that this map is finite by general excellence 
considerations. By Theorem 2.1.3 of [7j the generic fiber of this map coincides with 
the normalization of X. Thus Xrig is also equidimensional of dimension d and the 
argument above shows that Xq is equidimensional of dimension d as well. Now since 
/ is finite it follows that /o carries generic points to generic points. In particular we 
see that fQ^{U) is Zariski-dense in Xq. Thus by the normal case proven above there 
exists X € Xrig reducing to fQ^{U) at which a (thought of as an element of yi®Ojf K) 
attains its supremum norm. But then f{x) is a point in X reducing to U with the 
same property, since the supremum norm of a is the same thought of on X or on X 
(since X — > X is surjective). □ 

Remark 2. 3. — Note that the proof in the normal case did not use the equidimen- 
sionality hypothesis. This hypothesis may not be required in the general case, but 
the above proof breaks down without it since it is not clear how to control the special 
fiber under normalization in general, especially if Xo is non-reduced (as is often the 
case for us). 

Corollary 2.4. — Let X be a reduced quasi-compact admissible formal scheme over 
Ok, let U C Xq 6e a Zariski-dense open, and let £ be an invertible sheaf on X. 
Assume that Xrig is equidimensional. Then, for any f £ //^"(Xrig, £rig) we have 

ll/lkrig = sup |x*/U = max |a;*/U- 
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Proof. — Cover X be a finite collection of admissible formal afRne opens trivializing 
£ and apply Lemma 12.21 on each such afhne separately. □ 



The invertible sheaves whose sections we will be taking norms of in this paper 
will all be of the form Ox{D) for some divisor D on X — Xi{N)k or Xi{N,n)K 
supported on the cusps. In the end, the main consequence of the previous Corollary 
(namely, Lemma l2.5p will be that these norms are equal to the supremum norm of the 
restriction of the section in question to the complement of the residue disks around 
the cusps (where it is simply an analytic function). We feel that it is worthwhile 
to give more natural definitions using the above norm machinery in the cases that 
it applies to (those where we have nice moduli schemes to work with) in the hopes 
that the techniques used and the above Corollary will be useful in other similar 
situations. The reader who is content with this equivalent "ad hoc" definition (that 
is, the supremum norm on the complement of the residue disks around the cusps) can 
skip to Section [23 and ignore the appendix all together. 

In order to endow spaces of sections of a line bundle as in the previous paragraph 
with norms using the techniques above, we need formal models of the spaces X and 
sheaves O(-D). For technical reasons (involving regularity of certain moduli stacks) 
we are forced to work over Zp in going about this. The formal models over 0/^ will 
then be obtained by extension of scalars. The general procedure for obtaining formal 
models over Zp goes as follows. Let X denote one the stacks Xi{N) or Xi{N,n) 
over Zp and assume that the generic fiber Xq^ is a scheme. Let be a divisor on 
Xq^ that is supported on the cusps. If the closure D oi D in X lies in the maximal 
open subscheme X'^'^^ of X and this subscheme is moreover regular along D, then this 
closure is Cartier and we may associate to it the invertible sheaf 0(1?) on X'"^^ . Let 
^j^sc/i^ and G{D) denote the formal completions of these objects along the special 
fiber. 

In case X = Xi{N) or Xi{N,n) with p f n, assume that N has a divisor that 
is prime to p and at least 5. Then X""^^ = X hy Theorem 4.2.1 of 8 , and X is 
moreover regular (at least over Z(p)) by Theorem 4.1.1 of 8J. That passage to Zp 
preserves regularity follows by excellence considerations from the fact that Z(p) — > Zp 
is geometrically regular. Strictly speaking the results of [8j do not apply to Xi{N, n) 
as stated, but since p \ n the proofs of these results are still valid over Z(p), as is 
observed in the appendix. Since X is proper over Zp, we have X-^^ = Xq" (the 
analytification of the algebraic generic fiber of X) and hence we have a formal model 
{XMD))oi {X^^MD))- 

Now suppose that X = Xi{Mp,p'^) for an integer M > 5 prime to p. Let D be 
any divisor supported on the cusps in the connected component Xi(Mp,p^)>" of the 
ordinary locus. By Theorem lA.lll of the appendix, the closure 13 of D in X lies in X'^^^ 
and is Cartier. Thus we obtain a formal model {{X'"'^^, OiDf) of {{X'^'^f^-^, 0{D)). 
Observe that, by Lemma [A. 91 and the comments that follow it, X"^'* is simply the 
complement of a finite collection of cusps on the characteristic p fiber (namely, the 
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ones with nontrivial automorphisms). It foUows that the open immersion 

jrig '-^ [^Qp ) = ^Qp 

identifies the Raynaud generic fiber on the left with the complement of the residue 
disks around the cusps in the analytification on the right that reduce to the missing 
points in characteristic p. Thus ([T]) is an isomorphism when restricted to any con- 
nected component of the locus defined by v{E) < r that contains no such cusps. In 
particular, it is an isomorphism when restricted to by Theorem lA.llI 

of the appendix. 

Given a complete discretely- valued extension K/Qp, we may extend scalars on the 
formal models of O(-D) we have obtained to arrive at norms on the following spaces. 

— sections of 0{D) over any admissible open Uin X — Xi(iV)|f (resp. Xi{N, n)™ 
with p \ n), where D is (the scalar extension of) a divisor on Xi{N)q^ (resp. 
Xi{N, n)q^) and N is divisible by an integer that is prime to p and at least 5 

— sections of 0{D) over any admissible open It in X = Xi(Mp,p^)^p_^, where D 
is (the scalar extension of) a divisor supported on the cusps in Xi(Mp,p^)q" 
and M is an integer that is prime to p and at least 5 

Lemma 2.5. — Let X, D, and U be as in either of the two cases above and assume 
that 11 contains every component of the ordinary locus that it meets. Let W denote the 
complement of the residue disks around the cusps in li. Then for any f G H'^{Vi, 0(D)) 
we have 

ll/l|u=||/|u'||sup. 

Proof. — We will treat the case oi X = Xi{N)^^; the other cases are proven in 
exactly the same manner. First note that, since points in li' reduce to points outside 
of the support of D, the claim is equivalent to the assertion that 

ll/k'lk'. 

That is, the norm on W that we have defined using formal models happens to be 
equal to the supremum norm on U'. 

Note that the supersingular loci of XL and li' coincide, so the contributions to 
the above norms over this locus are equal, and it suffices to check the assertion 
upon restriction to the ordinary locus. By assumption, the ordinary locus in U is 
a finite union of connected components of the ordinary locus in Xi(iV)^. Each 
such component corresponds via reduction to an irreducible component of the special 
fiber. Let X denote the admissible formal open in Xi{N) given by the union of the 
components so obtained with the supersingular points removed. Then X^jg is precisely 
the ordinary locus in U, and the result now follows from CoroUarv 12.41 with U equal 
to the complement of the cusps in Xq . □ 

Remark 2.6. — There remain some curves on which we will need to have norms 
for sections of 0(1?) but to which the norm machinery as set up here does not apply. 
Namely, forp ^ 2 we have the curves Xi(4p™)™ and Xi(4p'",p^)|f , while forp = 2 we 
have Xi(2'"+iiV)|f and Xi(2"+i7V, 4)^", where m > 1 and iV e {1,3}. The previous 
lemma suggests an ad hoc workaround to this problem. In case we are working with 



8 



NICK RAMSEY 



sections of O(-D) for a cuspidal divisor on one of these curves, we simply define the 
norm to be the supremum norm of the restriction of our section to the complement of 
the residue disks about the cusps. A more natural definition would likely result from 
considerations of "formal stacks," but this norm would surely turn out to be equal to 
ours by an analog of Lemma 12.51 

2.4. Weight space. — Throughout most of this paper W will denote p-adic weight 
space (everywhere except for the beginning of Section [7] where it is allowed to be a 
general reduced rigid space for the purpose of reviewing a general construction). That 
is, W is a rigid space over Qp whose points with values in an extension K/Qp are 

W(i^) =Homeont(Z;,if^). 

Define q = p if p 7^ 2 and q = 4 if p = 2. Let 

t:z; ^ (z/qz)x -^q; 

denote reduction composed with the TeichmuUer lifting, and let (x) — x/t{x) G 
1 + qZp . For a weight k we have 

k{x) = k{{x))k{t{x)) = k{{x))t{x)'' 

for a unique integer i with < i < ^{c\) (where Lp denotes Euler's function). Moreover, 
this breaks up the space W as the admissible disjoint union of </5(q) admissible opens 
each of which is isomorphic to a one-dimensional open ball. 
For each positive integer n, let W„ denote the admissible open subspace of W 
whose points are those k, with 

|«:(l + q)P""' -1| < |q|. 

Then :— W^nWn is an afhnoid disk in W and the {W^}„ form a nested admissible 
cover of W* . 

To each integer A we may associate the weight x ^ x^ . This weight, which by 
abuse of notation we simply refer to as A, lies in W for the unique i = A (mod <y3(q)). 
Also, if A is an integer and ip : (Z/ctp"~^Z)^ — > Cp is a character, then x 1-^ x'^'ip{x) 
is a point in W (with values in Qp(/^pn-i)) which lies in W^, as standard estimates 
for IC ~ 1| for roots of unity demonstrate. 

3. Some modular functions 

Our definition of the spaces of half-integral weight modular forms will follow the 
general approach of [5] (in the integral weight p-adic situation) and [17] (in the half- 
integral weight situation). The motivating idea behind this approach is to reduce to 
weight zero by dividing by a well-understood form of the same weight. For example, 
if / is a half-integral weight p-adic modular form of weight fc/2, 6 is the usual Jacobi 
theta function of weight 1/2, and E\ is the weight A = (fc — l)/2 Eisenstein series 
introduced below, then f /{E\d) should certainly be a meromorphic modular function 
of weight zero. As we have no working notion of "half-integral weight p-adic modular 
form" we simply use the weight zero forms so obtained as the definition of this notion. 
One must of course work out issues such as exactly what kind of poles are introduced. 
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how dividing by 9Ex affects the nebentypus character, and how to translate the 
classical Hecke action into an action on these new forms. The precise definition will 
be given in the next section. 

We remark that this was carried out by the author in [17] by dividing by 9'' instead 
of 9E\. That approach had the disadvantage of limiting us to classical weights k/2, 
whereas the current approach will work for more general p-adic weights (and indeed, 
for families of modular forms) since Ex interpolates nicely in the variable A. 

This technique of division to reduce to weight zero in order to define modular 
forms forces us to modify the usual construction of the Hecke operators using the 
Hecke correspondences on the curve Xi(N) by multiplying by certain functions on 
the source spaces of these correspondences. Our first task is to define these functions 
and to establish their overconvergence properties. Since we are dividing by Ex9 to 
reduce to weight zero, we will require, for each prime number i, a modular function 
whose g-expansion (at the appropriate cusp, on the appropriate space, which depends 
on whether or not £ ~ p) is 

E\{qe^)9(qi2) 
Ex{q)9{q) ■ 

Factoring this into its Eisenstein part and theta part we split the problem into two 
problems, the first of which is nearly done in the integral- weight literature (see [4], [5]), 
and the second of which is done in an earlier paper of the author ( |17| ). We briefly 
review both here. See the aforementioned references for additional details. Note that 
all analytic spaces in this section are taken over Qp. 

Let c denote the cusp on Xi{A)q corresponding to the point ^4^2 of order 4 on the 
Tate curve. Define a Q-divisor Y^^n on the curve Xi{4:N)q by 

where 

TT : Xi(4iV)Q ~>Xi(4)q 

is the obvious degeneracy map. This divisor is set up to look like the divisor of zeros 
of the puUback of the Jacobi theta function 9 to Xi(4iV)Q and will later be used to 
control poles introduced in dividing by Ex9. 

In [17] we defined a rational function 8^2 on Xi(4,£^)q with divisor 

div(0£2) = 7r2S4 — Trl'Ei 

such that 

fcj£2(iate(gj,C4, {qi-^}) = ^ ^ = "%)"' 

Here tti and tt2 are the maps comprising the i'^ Hecke correspondence on ^i(4) and 
arc defined in Section [5Tl Strictly speaking, we had assumed ^ 7^ 2 in the arguments 
in (17j . but if one is only interested in the result above, then one can easily check 
that the arguments work for £ = 2 verbatim. 

Let us now turn to the Eisenstein part of the above functions. For further details 
and proofs of the assertions in this paragraph, we refer the reader to Sections 6 and 
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7 of m. Let 

be the g-expansion of the p-deprived Eisenstein family over W°. Note that there 
are no problems with zeros of Cp since we are restricting our attention to For a 
particular choice of k e W°, we denote by E^{q) the expansion obtained by evaluating 
all of the coefficients at k. In particular, for a positive integer A > 2 divisible by 
Ex (q) is the g-expansion of the usual p-deprived classical Eisenstein series of weight 
A and level p. 

Let £ be a prime number. If £ p, then there exists a rigid analytic function 
on Xo{pi)'^i X whose g-expansion at ( Ta,te ( a). fj,pf) is E{q)/E{q^). li £ = p, then 
the same holds with Xo(p^)>" replaced by Xo(p)>" and fipg replaced by /Xp. In 0] it 
is shown that there exists a sequence of rational numbers 

- > 7-1 > r2 > • • • > r„ > • • • > 

p+1 

with Vi < + P) such that, when restricted to Xo{p£)^\ x W° (respec- 

tively, Xo(p)>" X Wj'j a £ = p), analytically continues to an invcrtiblc function 
on Xo{p£)^p^^^ X W° (respectively, -'S^o(p)>p-r„ x W° if ^ = p). Fix such a sequence 
once and for all. Let us first extend these results to square level. 

Lemma 3.1. — Let £ ^ p be a prime number. There exists an invertible function 
E£2 on Xo{p£'^)^^ X W'' whose q-expansion at ( Tate (q), p,^i>2 ) is E{q)/E{q^ ). More- 
over, the function 'Ep, when restricted to Wj^, analytically continues to an invertible 
function on Xoip£^)^p-.„ x W°. 

There exists an invertible function Ep2 on Xo(p)>" x whose q-expansion at 
(Tate(g), /ip) is E{q)/E{jf ). Moreover, the function Ep2, when restricted to Wj^, 
analytically continues to an invertible function on -'^o(?')>'^-r„/p ^ "^n- 

Proof. — Let £ be a prime different from p. There are two natural maps 

x^{p£^Y^l XM^^,. 

namely those given on noncuspidal points by 

{E,C) {E,£C) 
(E, C) ^ {E/p£C, C/p£C) 
Both of these restrict to maps 

di,l,de,2 ■■ Xo(p^2)an__^^ ^ Xo (p^)|-;,-.„ . 

We define E£2 to be the invertible function 

(2) E,2 dl,-Ee ■ dl^E, e 0{Xo{p£'r^;-.,^ xWi^. 
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The g-expansion of 'Eg2 at ( Tate (q). ^^^2) is 

Ef(df 1 ( Tate fg), ^ij, f2))F,f ( df ^.( Tate l a), fij,i>2)) 
= f Tate (q) , Hpi)^i (Tate (g) / ^.i , Mp^^ / /i£ ) 
= E£(TMe(g),Aip^)E|(Tate(g'^),/Ltp£) 

One must take additional care ii i — p. Then there is a well-defined map 



where Hp2 is the canonical subgroup of E of order . This follows form the fact that 
^o{p)^p-r„/p consists of pairs {E,C) with C equal to the canonical subgroup of E 
of order p, and standard facts about quotienting by such subgroups (see for example 
Theorem 3.3 of [3]). We define an invertible function by 

Ep2 := Ep ■ d*Ep G 0(Xo(p)|;_.„/, X W°)x 

where we have implicitly restricted Ep to 

^o(p)>V.„/P X WO C Xo(p)|';-.„ X wi 

The g-expansion of Ep2 at (Tate(q), /Xp) is 

Ep(Tate(g),/ip)Ep(d(Tate(q),^p)) Ep( Tate (q), Mp)Ep( Tate (q)/Mp: Up2 1 Up) 

= Ep(Tate(g),Mp)Ep(lMe((j^),Mp) 
E{q) E{qP) E{q) 



E{qP)E{qP^) E{qP^) 



□ 



Let 

7T:Xi{p,f) 
denote the map given on noncuspidal points by 

{E,P,C) ^ 
Note that we have 



Xo{p)Z i=P 



{E/C,{{P)+E[e^])/C) ij^p 
{E/C,{P)/C) i^p 



«-c,x,,.))={<gs<:::t:j' it: 

This observation suggests that perhaps the components Xi{p, £^)'i^_^_,. should be re- 
lated to (via tt) the components Xo{pP)^^^r-- 
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Lemma 3.2. — U ^ ^ P, then the map n restricts to 

)>p-'- 



for all r < p/{l + p). 

In case £ — p, the map tt restricts to 



for all r < l/p(l + p). 

Proof. — First suppose £ ^ p. Let U denote the entirety of the locus in Xq{p£'^)q^^ 
defined by v{E) < r. First note that, since quotienting by a subgroup of order prime 
to p does not change its measure of singularity, the map tt restricts to a map 

The inverse images of the two connected components of IL under this map are disjoint 
admissible opens that admissibly cover a connected space, and tt^^ {XQ{p£'^)i^^_,.) is 

nonempty by ([3]), so this must be all of Xi{p, i'^)^^^^^-, and the result follows. 

Now suppose that £ = p. Let U denote the entirety of the locus in Xo(p)q' defined 
by v{E) < r. Once we verify that tt restricts to 

the argument may proceed exactly as above. We claim, moreover, that if {E, P, C) 
is a point in Xq{p,p'^)'^^_^2^, then v{E/C) — v{E)/p'^. This would follow if we knew 
that C met the canonical subgroup of E trivially (again by standard facts about 
quotienting by canonical and non-canonical subgroups of order p, as in Section 3 of 
[3]), so it suffices to prove that (P) is the canonical subgroup of E. 
The natural map 

(E,P,C) ^ iE,{P)) 

restricts to 

by the same connectivity argument used in the £ ^ p case (since this map clearly 
doesn't change v{E)). But the locus Xo(p)>'^_r is well-known to consist of pairs 
{E, C) with C equal to the canonical subgroup of E. □ 



We may pull back the Eisenstcin family of Lemma 13711 for £ ^ p through the map tt 
to arrive at an invertible function on Xi{p, ^^)>p-r„ x W". By the previous lemma, we 
may also pull back the family for £ — p through tt to arrive at an invertible function on 
-'^o(p,P^)>^-pr„ X "VV^j. For any £, it follows from ([3]) that the function 7T*Eg2 satisfies 

TT Ef2(Tate(q),Cp, ) = — — = , , . 

To arrive at the functions that we need, we simply multiply 7r*E^2 and 0^2 (which 
is constant in the weight). Of course, to do so we must first pull these functions back 
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SO that they lie on a common curve. The natural ("smallest") curve to use depends 
on whether or not p = 2, since 2 already lies in the Fi part of the level of Qp. The 
following proposition summarizes the properties of the resulting functions. 

Proposition 3. 3. — Let p he and £ be primes. There exists an element Hp of 

( ijO(Xi(4p,£2)|n X ^0^ 0(7ri*5]4p - 7r2*S4p)) p ^ 2 
\ i?0(Xl(4,£2)an X W^, 0(7r*I]4 - ^^^,4)) p = 2 

whose q-expansion at 

( ( Tate ( ci),Udp, {0^2))) p 7^ 2 

is equal to 

E{qp)e{qp) 
E{q)e{q) • 

Moreover, there exists a sequence of rational numbers rn such that 

1 

—— > ri > r2 > • • • > 

l+p 

with ri < ~^ P) such that Hp, when restricted to W°, analytically continues 

to the region 

^i(4p,p2)-_^,„ X wo p^2,e = p 

i Xi(4,4)|V2.„ xWO p = £ = 2 

Finally, we wish to extend Hp and E{q) to all of W. To do this, we simply pull 
back through the natural map 

(4) W — ^ "W^ 

K I > KO Q 

When restricted to W, this map is simply the isomorphism k>-^ k/t^. 

Remark 3.4- — Wc have chosen in the end to use Fi-structure on the curves on 
which the Hp lie both to rigidity the associated moduli problems over Qp as well 
as because these are the curves that will actually turn up in the sequel. We note, 
however, that the Hp are invariant under all diamond automorphisms. 

4. The spaces of forms 

In this section wc define spaces of ovcrconvcrgcnt p-adic modular forms as well 
as families thereof over admissible open subsets of W. Again, the motivating idea 
behind these definitions is that we have reduced to weight via division by the well- 
understood forms ExO. By "wcU-undorstood" we essentially mean two things here. 
The first is that we understand their zeros once we eliminate part of the supersingular 
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locus (and thereby remove the zeros of the Eisenstein part). The second is that, by 
the previous section, we know that there are modular functions with g-expansions 

Ex{qt.2)e{qi2) 
Ex{q)e{q) 

that interpolate rigid-analytically in A, a fact that we will need to define Hecke oper- 
ators on families in the next section. 

Before defining the spaces of forms, we need to make a couple of remarks about 
diamond automorphisms. For a positive integer N and an element d € (Z/A^Z)^, let 
(d) denote the usual diamond automorphism of Xi (N) given on (noncuspidal) points 
by (E,P) {E,dP). Now suppose wc arc given a factorization N = N1N2 into 
relatively prime factors, so the natural reduction map 

(Z/7VZ)^ ^ (Z/iViZ)^ X (Z/TVzZ)^ 

is an isomorphism. For a G (Z/7ViZ)^ and b G {'L/N2IY we let (a, 6) G (Z/A^Z)^ 
denote the inverse image of the pair (a,/;) midcr the this map. For a G (Z/A'^iZ)^, 
we define (a)jvi := ((a, 1)), and we refer to these automorphisms as the diamond 
automorphisms at Ni. The diamond automorphisms at A^2 are defined similarly, and 
we have a factorization 

(d) = (d)Ni o {d)N2- 

Finally, we observe that the diamond operators on Xi{4:N)^ preserve the sub- 
spaces Xi{4:N)^^_, and the divisor in the sense that {d)-'^ (XiiAN)"^^.,) = 
Xi{4N)^^_r and {d)*T,4N = S4JV, respectively. 

Convention 4-1- By the symbol 0(5]) for a Q)-d,ivisor S we shall always mean 
0([EJ), where [SJ is the divisor obtained by taking the floor of each coefficient oc- 
curring in E. 

First we define the spaces of forms of fixed weight. Let be a positive integer and 
suppose that either p 1 4A'' or that p = 2 and p\N. 

Definition 4-2. — Let k G 'W^{K) and pick n such that k G WJj. Then, for any 

rational number r with < r < r„ , we define the space of p-adic half- integral weight 
modular forms of weight k, tame level 4:N (or rather A'^ if p = 2) , and growth 
condition p~^ over K to be 

M UN K - I H'{X,{4Npr^^_., 0{^,^,)r x {k} p^2 

where ()^' denotes the t' eigenspace for the action of the diamond automorphisms at 
p, and similarly for (— 1/-)V* if p = 2. 

Remarks 4-3 ■ — 

— For pj^2,we have chosen to remove p from the level and only indicate the tame 
level in the notation because, as we will see, these spaces contain forms of all 
p-power level. However, for p = 2, wc have left the 4 in as a reminder that the 
forms have at least a 4 in the level, as well as for some uniformity in notation. 
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— Note that this space has been "tagged" with the weight k because the actual 
space has only a rather trivial dependence on k (k serves only to restrict the 
admissible K and r and to determine i). The point is that, as we will see, the 
Hecke action on this space is very sensitive to n. The tag will generally be 
ignored in what follows as the weight will be clear from the context. 

— This space is endowed with a norm which is defined as in Subsection 12.31 and is 
a Banach space over K with respect to this norm. 

— We call the forms belonging to spaces with r > overconvergent. The space of 
all overconvergent forms (of this weight and level) is the inductive limit 

Aft (47V, i^) = \imM^{4:N,K,p-''). 

r— *0 

— In case k is the character associated to an integer A > 0, the space of forms 
defined above would classically be thought of having weight X+1/2. Our choice 
of p-adic weight character book-keeping seems to be the most natural one (the 
Shimura lifting has the effect of squaring the weight character, for example). 

— In case k is the weight associated to an integer A > 0, then the definition here is 
somewhat less general than the definition of the space of forms of weight A+ 1/2 
contained in the author's previous paper ( [ITj ) due to the need to eliminate 
enough of the supersingular locus to get rid of the Eisenstein zeros. The two 
definitions are (Hecke-equivariantly) isomorphic whenever they are both defined, 
as we will see in Proposition 16.21 

— The tilde is an homage to the metaplectic literature and will be used in forth- 
coming work on all half-integral weight objects in order to distinguish them 
from their integral weight counterparts. 

We now turn to the spaces of families of modular forms. 

Definition 4-4- — Let X be a connected affinoid subdomain of W. Then X C W* 
for some i since X is connected and moreover X C WJj for some n since X is affinoid. 
For any rational number r with < r < r„, we define the space of families of half- 
integral weight modular forms of tame level 4iV and growth condition p^^ on X to 
be 

' >■ \ i/"(Xi(47V)->V^,0(I]4^))(-V-)V'®KO(X) p^2 

Remarks 4- 5- — 

— We endow Mx{4:N, K,p~'^) with the completed tensor product norm obtained 
from the norms we have defined in Section 12.31 and the supremum norm on 
0{X). The space Mx{4:N, K,p~^) with this norm is a Banach module over the 
Banach algebra 0{X). 

— As in the case of fixed weight, the definition depends rather trivially on X but 
the Hecke action will be very sensitive to X. 

— In general, if X is an affinoid subdomain of W, we define Mx to be the direct 
sum of the spaces corresponding to the connected components of X. Also, just 
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as for particular weights, we can talk about the space of all overconvergent 
families of forms on X, namely 

mU4:N,K) = limMxi4:N,K,p-'"). 

r— >0 

— Using a simple projector argument, one sees easily that we have a canonical 
identification 

Jf"(Xi(4iVp)|"p_.,0(S4Arp))"'gK0(X) 

= {H"{Xi{4Npr^j,.,^,o{j:iNp))®KO{x)y\ 

and similarly at level 4:N if p = 2, a comment that will prove to be useful in the 
next section. 

For each X as above and each L- valued point k G X, evaluation at x induces a 
specialization map 

Mxim,K,p-'^) — > M^{AN,L,p''-). 

In the next section we will define a Hecke action on both of these spaces for which 
such specialization maps are equivariant and which recover the usual Hecke operators 
on the right side above (in the sense that they are given by the usual formulas on 
5-expansions). 

Each of the spaces of forms that we have defined has a cuspidal subspace consisting 
of forms that "vanish at the cusps." This notion is a little subtle in half-integral weight 
because there are often cusps at which all forms are forced to vanish. To explain this 
comment and motivate the subsequent definition of the space of cusp forms, let us 
go back to the motivation behind our definitions of the spaces of forms. If F is a 
form of half-integral weight in our setting, then FOE (where E is an appropriate 
Eisenstein series) is what we would "classically" like to think of as a half-integral 
weight form. Indeed, in case F is classical (this notion is defined in Section [5]) then 
FOE can literally be identified with a classical holomorphic modular form of half- 
integral weight over C. The condition div(_F) > —Ti^Np (we are assuming p ^ 2 
for the sake of this motivation) in our definition is exactly the condition that FOE 
be holomorphic at all cusps. Likewise, the condition that this inequality be strict 
at all cusps is the condition that FOE be cuspidal. But since div(_F) has integral 
coefficients, the non-strict inequality implies the strict inequality at all cusps where 
"^iNp has non-integral coefficients. 

With this in mind, we are led to the following definition of cusp forms. For an 
integer M, let C4M be the divisor on Xi(4M)q" given by the sum of the cusps at 
which S4M has integral coefficients. To define the cuspidal subspace of any of the 
above spaces of forms, we replace the divisor T,4]s[p (resp. if p — 2) by the divisor 
^4Np — CiNp (resp. T^iN — C^n if p = 2). We will denote the cuspidal subspaces by 
the letter S instead of M. Thus, for example, if k G W^(i4r) and < r < r„, we 
define 



S^{AN,K,p-') = 



^ { i/"(Xi(47Vp)|';_, 0(S4Arp - C4Np)Y^ X {n} 



p^2 

ffO(Xi(4Ar)|," 0(S4jv " C4Ar))(-i/-)'^" X {k} p = 2 
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Remarks 14.31 and 14.51 apply equally well to the corresponding spaces of cusp forms. 



5. Hecke operators 

Before we construct Hecke operators, we need to make some remarks on diamond 
operators and nebentypus. Since the p-part of the nebentypus character is encoded 
as part of the p-adic weight character, we need to separate out the tame part of the 
diamond action. Fix a weight k G W(ii'). In order to define the tame diamond oper- 
ators in a manner compatible with the classical definitions and that in [17 we must 
twist (at least in the case p ^ 2) those obtained via pull-back from the automorphism 
QiN by That is, for F e M^{4:N,K,p^''), we define 

{d)4N,.F = (-^"j {d)lj^F if p ^ 2 

and 

{d)N,nF = {d)*j^F if p = 2 

Without this twist in the p ^ 2 case, the definition would not agree with the classical 
one because of the particular nature of the automorphy factor of the form 9 used in the 
identification of our forms with classical forms. The same formulas define operators 
{)4N,x and {)n,x on the space of families of modular forms over X C W. For a more 
general X C W, we break into the components in W* for each i and define {)4n,x and 
{)n,x component by component. For a character x modulo AN (resp. modulo N if 
p = 2), we define the space of forms of tame nebentypus x to be the x-eigenspace of 
Mii{4:N,K,p^^) for the operators Qan.k (resp. {)n,k if p = 2). The same definition 
applies to families of forms. These subspaces are denoted by appending a % to the 
list of arguments (e.g. Mi^{4N, K,p~^ ,x))- 

Let X and y be rigid spaces equipped with a pair of maps 

TTi , 7r2 : X > y 

and let D he a. Q-divisor on y such that irlD — ttjZ? has integral coefficients. Let 
Z C X be an admissible affinoid open and let 

H e H°{Z,0{ttID - n^D)). 

Let U, V C y be admissible affinoid opens such that 7rj^^(V) n Z C 7^2^(11) fl Z, and 
suppose that 

TTi : 7rj:i(V) nZ — > V 
is finite and flat. Then there is a well-defined map 

i7°(U, 0(1))) — > H"{V, 0{D)) 
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given by the composition 
H°{U,0{D)) — 



■H 



F0(7rri(V)nZ,0(^2*D)) 



■ H^{■K^^{V)f^Z,0{'KlD)) 



where tti* is the trace map corresponding to the finite and flat map tti. 

Let N be as above, let £ be any 



5.1. Hecke operators for a fixed weight. 

prime number, and let 



71"!, 7r2 



Xl(47Vp,^2)an 



be the maps defined on noncuspidal points of the underlying moduli problem by 

7r,:{E,P,C) ^ {E,P) 

n2: {E,P,C) ^ {E/C,P/C) 

Suppose that £ =/= p. Then 



an 

>p- 

) = 7r2"^(Xi(4iV)?" 



>2- 



'>2- 



) 



p = 2 



for any r < p/{l+p) since quotienting an elliptic curve by a subgroup of order prime 
to p does not change its measure of singularity. Fix a weight k e 'W^{K) and let 
H£2(k;) denote the specialization of 11(2 to k S W (which, recall, is defined to be 
the specialization of H^2 to k/t' e W°). Pick n such that k G and suppose 
< r < r„. Applying the general construction above with 







p = 2 


X 

y 

z 

D 
H 
11 = V 


Xi(4iVp,^^)|," 
Xi{ANp)f' 

Xi(4Arp,^2)an__^ 
H£2 (k) 

Xi(47Vp)-_. 


Xi(4iV, 
Xi(4iV)^" 

Xi(47V,^2)a„__^ 

Xi(4Ar)^'^2_ 



we arrive an endomorphism of the if-vcctor space 

i/0(Xi(4iVp)- 0(E4Arp)) p ^ 2 

i/0(Xi(47V)|V.,O(S4A^)) P = 2 

One checks easily that since the diamond operators act trivially on H£2 (see Remark 
13. 4p . this endomorphism commutes with the action of the diamond operators, and 
therefore induces an endomorphism of Mi^{AN, K,p~^). We define T£2 (or U12 if 
£ I AN) to be the quotient of this endomorphism by £'^ . 
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Now suppose that £ = p. Note that 



P : 



for any r < l/p{l+p). This follows from repeated application of the observation 
(made, for example, in [3], Theorem 3.3 (v)) that if v{E) < p/{l + p) and C is a 
subgroup of order p other than the canonical subgroup, then v{E/C) — v{E)/p and 
the canonical subgroup of E/C is E[p]/C. 

If K € and r is chosen so that < r < r„ , then we may apply the construction 
above with 



X 

y 
z 

D 
H 

U 
V 



__P±2_ 

x,imp,p^r- 



p = 2 



Xi (47V, 4)5^" 
Xi(4iV,4)|"2„,. 

H4(«) 



Xi{ANp)-j^ 

Xi(4iVp,p2)an_ 

Hp2 (k) 

Xi(47Vp)-_ 
Xi(4iVp)-_,, 
to arrive at a linear map 

i?0(Xi(47Vp)- 0(I]4Wp)) i/0(Xi(4iVp)- 0(E4iVp)) P ^ 2 
i^°(Xl(4iV)|"2-,.,0(S4iv)) ^ iJ°(Xi(4iV)|'^2— 0(S4^)) p = 2 
This map commutes with the diamond operators and restricts to a map 

M^{4N,K,p-'^) M^{AN,K,p-P'-). 
When composed with the natural restriction map 
(5) M,(47V,if,p-P'') MAm,K,p-'-) 

and divided by p^, we arrive at an endomorphism of Af„(4iV, K,p^^) which we denote 
by Up2 . 



Proposition 5.1. 



The Hecke operators defined above are continuous. 



Proof. — Each of the spaces arising in the construction is a Banach space over K, 
so it suffices to show that each of the constituent maps of which our Hecke operators 
are the composition has finite norm. By Lemma [23] we may ignore the residue disks 
around the cusps when computing norms, thereby reducing ourselves to the supremum 
norm on functions. It follows easily that the puUback, restriction, and trace maps 
have norm not exceeding 1 and that multiplication by H has norm not exceeding the 
supremum norm of H on the complement of the residue disks around the cusps. The 
latter is finite since this complement is affinoid. □ 

Remarks 5.2. — 

— In the overconvergent case, i.e. when we have r > 0, the restriction map ([5]) is 
compact (see Proposition A5.2 of [6 ). It follows that Up2 is compact as it is 
the composition of a continuous map with a compact map. 
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— The Hecke operators and U(2 preserve the space of cusp forms, as can be 
seen by simply constructing them directly on this space in the same manner as 
above. The operator Up2 is compact on a space of overconvergent cusp forms. 

5.2. Hecke operators in families. — Let X C W be a connected admissible 
affinoid open. We wish to define endomorphisms of Mx{4:N, K,p~^) that interpolate 
the endomorphisms Tg2 and Up constructed above for fixed weights k G X. 
Suppose that £ ^ p and let 





p^2 


p = 2 


U = V 

z 


Xi(47Vp)-_. 

Xl(47Vp,£2)an_ 


Xl(47V,^2)a„_^ 


s 




T,4N 



In the interest of keeping notation under control, let us for the remainder of this 
section assume the following definitions. 

M = i7°(l[,0(S)) 

TV i7"(7r2'^(U) nZ,0(7r*I])) 

L = i/"(^ri(V)nZ,0(7r*I])) 

P = iJ°(7rj;i(V)nZ,0(7r*I]-7r;E)) 

Q = i/"(^-i(V)nZ,0(7ri*E)) 

The Hecke operator Tgi (or 17^2 if £ | 4A^) at a fixed weight was constructed in the 
previous section by first taking the composition of the following continuous maps: a 
puUback M —^N,a. restriction N ^ L, multiplication by an element of G P to 
arrive at an element of Q, and a trace Q —>■ M , and then restricting to an eigenspace 
of the diamond operators at p and dividing by I? . 

The module of families of forms on X is an eigenspace of M®k'^{X) (by the final 
remark in Remarks 14. 5p . To define Tp (or ) we begin as in the fixed weight case 
by defining an endomorphism of M®k^{X) and then observing that it commutes 
with the diamond automorphisms and therefore restricts to an operator on families of 
modular forms. To define this endomorphism, we modify the above sequence of maps 
by first applying ®k'^{X) to all of the spaces and taking the unique continuous 0{X)- 
linear extension of each map, with the exception of the multiplication step, where we 
opt instead to multiply by 11^2 |x G P®k^{X). In so doing we arrive at an 0{X)- 
linear endomorphism of M®k'^{X) that is easily seen to commute with the diamond 
automorphisms, thereby inducing an endomorphism of the module Mx(4iV, K,p^^). 

Lemma 5. 3. — The Hecke operators defined above for families are continuous. 

Proof. — By definition, each map arising in the construction is continuous except 
perhaps for the multiplication map. The proof of the continuity of this map requires 
several simple facts about completed tensor products, all of which can be found in 
section 2.1.7 of 
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It follows trivially from Lemma 12.51 that the multiplication map 

L X P — > Q 

is a bounded /iT-bilinear map and therefore extends uniquely to a bounded iC-linear 
map 

iSifP — > Q. 

Extending scalars to 0(X) and completing we arrive at a bounded 0(X)-linear map 

{L®kP)®kG{X) Q®kO{X). 

There is an isometric isomorphism 

(LiifP)®KO(X) = {mKO{X))§)o(^x){P^KO{X)) 

so we conclude that the 0(X)-bilinear multiplication map 

{L^KOiX))®o(x)iP^KOiX)) Q®kO{X) 

is bounded. In particular, multiplication by H ^ P(^$kO{X) is a bounded (and hence 
continuous) map 

■H : L®kO{X) QiE)KO{X) 
as desired. □ 

Remarks 5.4- — 

— The construction of a continuous cndomorphism Up2 is entirely analogous and 
once again we find that Up2 is compact in the overconvergent case, that is, 
whenever r > 0. 

— The endomorphisms Tf2 and U£2 can be extended to Mx{4:N, K,p^^) for gen- 
eral admissible affinoid opens X in the usual manner working component by 
component. 

— All of the the Hecke operators defined on families preserve the cuspidal sub- 
spaces, as a direct construction on these spaces demonstrates. Again, the oper- 
ator Up2 is compact on a module of overconvergent cusp forms. 

5.3. Effect on q-expansions. — In this section we will work out the effect of the 
Hecke operators that we have defined on g-expansions. As in |17j . we must adjust 
the naive g-expansions obtained by literally evaluating our forms on Tate curves with 
level structure to get at the classical g-expansions. In particular, by the q-expansion 
of a form F £ Mn{4:N, K,p~^) at the cusp associated to ( Tate (q), C) where C is a 
primitive ANp^^ root of unity ii p ^ 2 and a primitive 4A^*'^ root of unity if p = 2, we 
mean 

Similarly, for a family F G Mx{4:N, K,p~^) the corresponding q-expansion is 

FiTaie{q)X)Oiq)Eiq)\x 
and has coefficients in the ring of analytic functions on X. 
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Proposition 5.5. — Let F he an element of M^(AN,K,p^'') or Mx{^N,K,p 
and let ^ a„(7" be the q-expansion of F at ( Tate (q), C). The corresponding q-expansion 
ofUp2F is then ^ap2„(7". 

Proof. — We prove the theorem for Up2 acting on M ^{AN ^ K , p'"^) . To obtain the 
result for famihes one could either proceed in the same manner or deduce the result 
for families over X from the result for fixed weight by specializing to weights in X. 
Let F e Mk{'\:N,K,p~'') and suppose that 

i^(^(<7), Oe{q)E^{q) = ^ a„9". 
The expansion we seek is 

^7tU7t;F ■ Hp2(«;))(TMe(<z), C) • Oiq)E,iq). 

The cyclic subgroups of order p^ that intersect the subgroup generated by C, trivially 
are exactly those of the form (C^fZp^), < i < — 1. Thus we have 



= E ^(^(9)/(C>V).C/(C><?p=))Hp2(K)(^(g),C,(C>v)) 



i=0 



= J2 ^(^(C>9pO,C)Hp2(/t)(IMe(g),C,(C>'Zp-)) 

i=0 



The same analysis also proves the following. 



□ 



Proposition 5.6. — Suppose that either i\4N . Let F be an element of AIk.{4:N, K,p ^) 
or Mx{4:N, K,p^^) and let E o-n<f be the q-expansion of F at f Tate (q). Q. Then the 
corresponding q-expansion ofU^-iF is then 'Y^ai^^q'^ . 

In order to work out the effect of Tp for i \ ANp on g-expansions, we will need 
several more q-expansions of 8^2 and E^2. For the former, we refer the reader to |17j . 
The latter will follow from the following lemma. For a; G , we denote by [x] the 
analytic function on W defined by = k{x). 

Lemma 5. 7. — For p we have 
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Proof. — The second equality is how we chose to characterize in the first place. 
We will use it to give an alternative characterization, which we will in turn use to 
prove the first equality. 

By definition, and the coefficients of E{q) are pulled back from their restrictions 
to through the map Clearly [{£)] is the pull-back of [£] through this map, so 
it suffices to prove that 

E^(IMe(<?),Aip + te)) = M^ 

where the coefficients are now though of as function only on W*'. Moreover, it suffices 
to prove the equality after specialization to integers A > 2 divisible by ip{q), as such 
integers are Zariski-dense in W°. Let E\{t) denote the classical analytic p-deprived 
Eisenstein series of weight A and level p (normalized to have g-expansion Ex{q)). 
Then 

Er(A) := E>^{T)/Ex{eT) 

is a meromorphic function on Xo{p£)^ with rational g-expansion coefficients, and by 
GAGA and the g-expansion principle yields a rational function on the algebraic curve 
Xq(j}£)iq^. By comparing g-expansions it is evident that the restriction of this function 
to the region Xo(p^)>" is equal to the specialization, E({X), of E^ to A £ W°. 

It follows that E/.TA)( Tate (q).Mp + {qt)) = E|"(A)(Tate(q), /Xp -I- {qe)). The right 
side can be computed using the usual yoga where one pretends to specialize q to e^'^''^ 
and then computes with analytic transformation formulas (see Section 5 of 17 for a 
rigorous explanation of this yoga). So specializing, we get 

Er(A)(IMe(g),Mp + {qi))ir) = Ef (A)(C/(f , r), (l/p) + {r/l)). 
Choosing a matrix 

J)eSMZ) 

such that p\c and l\d v^e arrive at an isomorphism 

{C/{1,t),{1/p) + {t/1)) ^ (C/(I,7r),(lM) 



CT + d 



Thus 



Er(A)(C/(I,r), {l/p) + {t/1)) = Er(A)(C/(I,7r), {l/pl)) ^'^^^^ 



Exihr)' 



Now 



— 



(ae){T/£) + b 
c{T/£)+d/e ' 



so we have 

Ex{jt) {cT + dfEx{T) Ex[t) 



Ex{Ijt) {{cT + d)/l)^Ex{T/i) " Ex[t/£) 
and the result follows. □ 



24 



NICK RAMSEY 



Proposition 5.8. — Let F e Mf^{4N, K,p^^ , x) with k G W* and let J^o-nq" be 
the q-expansion of F at ( Tate (q), C)- Then the corresponding q-expansion of Ti2F is 
^ 6n9" where 

Let F G Mxi^N , K,p~'^ ^x) with X a connected affinoid in W% and let the q- 
expansion of F be ^Unq" as above. Then the corresponding q-expansion ofTpF is 
^ &n9" where 

hn = a,2„ + [t]x{t)i-^ i^T^ Wxitfr^a^/,.. 

Proof. — We prove the first assertion. The second assertion may either be proven 
directly in the same manner or simply deduced from the first via specialization to 
individual weights in X. Let k G W(ii'), let F G Mf,{AN,K,p~'' ,x), and let 

F{Taic{q)X)0{q)EM = ^a„g" 

be the g-expansion of F at ( Tate (a), Q). The corresponding g-expansion of T12F is 

(6) ^^U^*^F-ll,.{K))-e{q)E^{q). 

The cyclic subgroups of Tate (q) of order are the subgroups 

{Chqp)Q<i<e2_i, and {Cj2qe)i<]<e-i- 
We examine the contribution of each of these types of subgroups to 

7ri,(7r2F • H£2(k)) 

separately. 

First, we have 

F( Tate (q)/ui'2 , (/ )H^2 (k) (Tate(g) , C, l^P ) 

= F{me{q''),f)Qp{m§.{q)Xi.l^p) 

•E^2(K)(Tate(g)//x^2, (^p + Tate(g)[£2])/^^^) 

= n^(g''),C'')e,2(^((j),C4,/^^0E£2(K)(^(/),^p + (g)) 
From the definition ^ and Lemma [5.71 we have 
E,2(^(/),/ip + (g)) 

= E,(TMe(/),/ip + (g'))E£(^(/)/(g^),(A*p + (g))/(<zO) 
= E^(^(g^'),/ip + (gO)E,(^((70,Mp + (9)) 

^^'^J£;(g^) ^^'^J (g) ^^'^J £;(g) 
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When specialized to k, this becomes 
Referring to [17) we find 

e,2(IMe(<z),C4,M£0 =^-^- 
Thus the contribution of this first subgroup is 

The subgroups (C£2 ) contribute 

F{Taie{q)/{Q,q,2),C/{CM)np{K){Taie{q),C, {Q^qi-)) 



= ^(^(0" 11- ) , Qe- ime{q) , a , {Cp qe^ ) ) 

•^*E,2(«;)(TMe(g),Cp,(C2g,2)) 

= J2 ^(i^(cr- ) . c) e,2 (^(9) , a , (c," 9^2 ) ) 

a=0 

•E,2(«;)(TMe(g)/(C2gf2), + 2Me(g)[^'])/(a2g,2)) 
= J2 i^(IMe(0 ) > e,2 (^(g) , a , (C2 9^2 ) ) 

a=0 

•E^2 (k) (Tate(Cg°2 qe2 ) , ^^^2 ) 

By ([2]) we have 

Ef.2 ( Tate (C°2q^2l. ^p|2) = E^f Tate (C°2q<-2). fip£)F,e{Taie{(g2qi2) / fie, ^ipe2 / fig) 
= Ef (Tate(C£2 9£2), fJ.pi)'Ei{Tate{C^qt), fipi) 
E{Q2 qp ) EiQqe) _ E{Q2 qp ) 



Referring to [17] , we find 

e,2(IMe(g),C4,(C29£2)) = 



E{Qq,) E{q) E{q) 
OiQ^qp) 



Thus the total contribution of this collection of subgroups is 

E «n iQ2 qp T 0{Q2 qp ) E^ qp ) _ ,2 E «£^n9" 



e{Q2qp)EAQ2qp) e{q) E^ ~ e{q)EM' 
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The subgroups {C,%qi) contribute 



^ F(^(Q)/(C,'.g,), C/(Cp<Zf))H,2(«;)(^(g), C, {CUi)) 

b=l 

£-1 



= 5]F(^(C^),c')ep(^(g),C4, {CUd) 

6=1 

■TT*^p{n){'M^{q)Xp,{CUi)) 

l-l 

= E^(^(C''?),C')e,.(me(g),C4, iCUi)) 

6=1 

•E,.(«;)(^(g)/(C,^.g,), (Mp +^(9)[^'])/(C'2 

6=1 

•E,2(«;)(TMe(C'g),Aip + (9£)) 
By ([2]) and Lemma [5.71 we have 

E^2(TMe(0Mw^P + fe)) 

= E,(:me(C,^),Mp + (g))EK^(C'g)/A'£, (Mp + ('7£))/a^£) 
= Ef (IMe(CN), /ip£)E£(^(qO, Mp + (9)) 



" E{q) " E{q) 

When speciahzed to k, this becomes 

E,^{q) 

Referring to [17] we find 



where 



,<(c) = E(7)c" 
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is the Gauss sum associated to the root of unity C,. Thus the total contribution of 
this third collection of subgroups is 



Adding all this up and plugging into ^ we see that the g-expansion of T£2F is 
X]&n9" where 

□ 



6. Classical weights and classical forms 

In this section we define classical subspaces of our spaces of modular forms and 
prove the following analog of Coleman's theorem on overconvergent forms of low slope. 
Throughout this section k will denote an odd positive integer and we set A — (fc — 1)/2. 

Theorem 6.1. — Let m be a positive integer, let -0 : (Z/qp'"^^Z)^ — > be a 
character, and define k{x) — x^ip{x). If F Q M^(4iV, A') satisfies UpiF — aF with 
v{a) < 2A — 1, then F is classical. 

Our proof follows the approach of Kassaei ( [13] ). which is modular in nature and 
builds the classical form by analytic continuation and gluing. The term "analytic 
continuation" has little meaning here since we have only defined our modular forms 
over restricted regions on the modular curve, owing to the need to avoid Eisenstein 
zeros. To get around this difficulty, we must invoke the previous formalism of the 
author for p-adic modular forms of classical half- integral weight (see jl7p . 

Let TV be a positive integer. In |17j we defined the space of modular forms of 
weight k/2 and level 4N over a Z[l/4A^]-algebra R to be the i?-module 

M'^/^{AN,R) i/0(Xi(4iV)fl,0(fcI]4Ar)). 

Note that this space was denoted Mfc/2(4Af, R) and kT,4j\; was denoted T,4N^k in [17!. 
Roughly speaking, in this space of forms we have divided by 9'^ to reduce to weight 
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zero instead of E\d. Let r G [0, 1] n Q and define 

M',/,{mp^\K,p-n = i?°(Xi(47Vp'")-_„,0(fcE4Wp™)). 

It is an easy matter to check that the construction of the Hecke operators T^2 and 
Up2 in Section [S] (using H = Q^) adapts to this space of forms and furnishes us with 
Hecke operators having the expected effect on g-expansions. We wiU briefly review 
the construction of Up2 in this context later in this section. 

The next proposition relates these spaces of p-adic modular forms to the ones 
defined in this paper, and will ensure that the latter spaces (and consequently the 
eigencurve defined later in this paper) see the classical half-integral weight modular 
forms of arbitrary p-power level. Note that this identification requires the knowledge 
of the action of the diamond operators at p because this data is part of the p-adic 
weight character. 

Proposition 6.2. — Let m he a positive integer, let tp : (Z/qp^^^Z)^ — > be a 
character, and define k{x) = x^ip{x). Then, for < r < r™, the space 



M'(47Vp™+Vq> K^p-^'f'^p- 



_,=^^\ ^i',/^mp'\K,p-n^^>-=^ p^2 

\ M'^l^{2"'+^N,K,p-'')^^2^^^+^='^ p = 2 



is isomorphic to Mk{AN, K,p '') in a manner compatible with the action of the Hecke 
operators and tame diamond operators. 

Proof. — Let i be such that k G W. The complex-analytic modular forms 9''^^ 
and Ef^T-i are each of weight A. If p ^ 2, then the former is invariant under the 
while if p = 2 it has eigencharacter (—1/-)'. The latter has eigencharacter 

'(/'r"' for this action in both cases. Standard arguments using GAGA and the q- 
expansion principle show that the ratio 6^^^ / E^^-i furnishes an algebraic rational 
function on Xi(4iVp'"+^/q)if . Passing to the p-adic analytification and restricting 
to Xi{4:N p"^'^^ / c\)'^^_^ , we see that this function has divisor (fc — l)I]4^pm+i /q, since 
Ef^T--i is invertible in this region for r as in the statement of the proposition (because 

K e W„0. _ 

Let F' e M[/2(4iVp'"+7q,ii:,]5-'~) be a form with eigencharacter ^ for 
and let 

Then, for d e (Z/qp'"-iZ)^ we have = r(d)^(-l/-)'-F. In particular, F is 

fixed by (d)*™ with d = 1 (mod q). The construction of the canonical subgroup of 
order qp'"~^ (defined because r < r,„ < p^^'"/q(l +p)) ensures that the map 
(7) 

Xi(4A^p™+Vq)-_.7{(rf)qp'"- H^l (modq)}--| xl{AN)^lZ 2 
induced by 

{E, P) I — > {E, aP) 
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where the integer a is chosen so that 

r a EE (mod p") and a = 1 (mod 4iV) p^2 

\ a EE 2'"-i (mod 2'"+i) and a ee 1 (mod A^) p = 2 

is an isomorphism. This map pulls the divisor S4Arp (or "E^n if p = 2) back to T,ij\jpm 
(resp. S2m+ijv if p = 2), so we conclude that F descends to a section of 0(I]4Arp) 
on Xi(4A^p)>p_, (resp. a section of 0(S4Ar) on Xi{AN)'^^_,) and that this section 
satisfies = T(d)'F (resp. = T(d)*(-l/d)*i^) for all d e (Z/qZ)^. Thus we 

may regard F as an element of M^{4:N, K,p^^). Conversely, for F £ Mk(4A^, K,p^^), 
it is easy to see that 

P-^Er e M(/2(4iVp™+Vq,i^,p-'-)^^-"-^='^ 

(where F is implicitly pulled back via the above map ^) and that this furnishes an 
inverse to the above map F' i—^ F. That these maps are equivariant with respect 
to the Hecke action is a formal manipulation with the setup in Section [5] used to 
define the action on both sides. That it is equivariant with respect to tame diamond 
operators is trivial, but relies essentially on the "twisted" convention for this action 
on M^{AN,K,p-'-) (for pj^2). □ 

In general, if U is a connected admissible open in J("i(4Afp™+^/q)™ containing 
Xi(4iVp™+Vq)>p-- and F e M„(4iV, is:,p"'') (with n as in the previous propo- 
sition) we will say that F analytically continues to U if the corresponding form 
F' S M'f^i^{ANp™'^'^ /ci^KjP'"^) analytically continues to an element of 

(8) i/0(U,0(A:S4^p™+i/q)). 

Note that, in case IX is preserved by the diamond operators at p, this analytic con- 
tinuation automatically lies in the i/j-eigenspace of ([8]) since G ~ (d)*p„_iG vanishes 
on the nonempty admissible open Xi{AN p"^^^ / c\)'^^_^ for all d, and hence must van- 
ish on all of U. In particular, in case U = Xi{ANp"^^^ / q)^ we make the following 
definition. 

Definition 6.3. — Let k{x) = x^'ip{x) be as in Proposition 16.21 An element F G 
M^{AN, K)'^ is called classical if it analytically continues in the sense described above 
to all of Xi(4A^p™+^/q)^. That is, if it is in the image of the (injective) map 

i/"(Xi(47Vp™+Vq)?f,0(fcI]4Wp))«''"=^ M^/2(47Vp™+Vq,if,p-''")<>'""='^ 

= M«(4iV,if,p-'-") 

The analytic continuation used to prove Theorem 16.11 will proceed in three steps. 
All of them involve the construction of the operator Up2 on M^y2(4A^P™^^/q, K,p^^), 
which goes as follows. Let 

TTU7T2 : Xi(4A^p™+Vq,p2)- _^ Xi(4iVp"+Vq)^^ 
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be the usual pair of maps and let Qp2 denote the rational function on Xi(4,p'^)q from 
Scction[3] For any pair of admissible open 11 and V in Xi{4:Np"^^^ /q)'^ with 

we have the map 

i?°(U,0(fcS4JVp™ + Vq)) ij''(V,0(fcS4JVp™ + Vq)) 

Note that there is no need to introduce the space Z as in Section [5] since our "twisting" 
section is defined on all of Xi(4iVp™+^/q,p^)|p. Also, recall from Section [5] that 
if < r < l/p(l + p) we have 

Thus if F e M'^/^{4:Np"'+^ /q, K,p-'') with r < l/p{l + p) then Up2F analytically 
continues to Xi{ANp"^'^^ /q)^^_^2^- From this simple observation we get the first and 
easiest analytic continuation result. 

Proposition 6.4. — Let r > and let F £ Ml^^^{ANp"'+'^ /q, K,p-''). Suppose that 
there exists a polynomial P{T) G K[T] with P{0) ^ such that P{Up2)F analytically 
continues to Xi{4:Np"^^^ /q)^^_i/^i^j,^ . Then F analytically continues to this region 
as well. 

Proof. — Write P{T) = Po{T) + a with Po(0) = and a 7^ 0. Then 

F=^{P{Up2)F-PoiUp2)F). 

If < r < l/p{l+p), then the right side analytically continues to Xi(4iVp™+^/q)^'^_p2, 
and hence so does F. Since r > 0, we may repeat this process until we have ana- 
lytically continued F to Xi(4A^p™+-^/q)^'^_, for some s > + p). Now restrict 
F to Xi(4A''p™+^/q)^'^_j^p2(n.p) and apply the process once more to get the desired 
result. □ 

The second analytic continuation step requires that we introduce some admissible 
opens in Xi(4A^p™''"^/q)Q" defined by Buzzard in [3]. The use of the letter W in this 
part of the argument is intended to keep the notation parallel to that in [3] and should 
not be confused with weight space. If p 7^ 2, we let Wq C Xi{4:N,p)q^^ denote the 
admissible open subspace whose points reduce to the irreducible component on the 
special fiber of Xi (47V, p) in characteristic p that contains the cusp associated to the 
datum ( Tate (a). P, fip) for some (equivalently, any) point of order AN on Tate(g). Al- 
ternatively, Wq can be characterized as the compliment of the connected component of 
the ordinary locus in Xi(4A^,p)q" containing the cusp associated to ( Tate (a). P, {qp)) 
for some (equivalently, any) choice of P. If p = 2, we let Wq C Xi{N, 2)q" denote the 
admissible open subspace whose points reduce to the irreducible component on the 
special fiber of Xi{N,2) in characteristic 2 that contains the cusp associated to the 
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datum ( Tate (q). P. u?.) for some (equivalently, any) point of order N on Tate(q). Al- 
ternatively, Wq can be characterized as the compliment of the connected component 
of the ordinary locus in Xi{N, 2)q^ containing the cusp associated to (Tate(g), P, ((72)) 
for some (equivalently, any) choice of P. In particular Wq always contains the entire 
supersingular locus. The reader concerned about problems with small N in these 
descriptions should focus on the "alternative" versions and the remarks in Section [221 
about adding level structure and taking invariants. 

In 3^, Buzzard introduces a map v' : Wo — > Q defined as follows. If a; G Wq is 
a cusp, then set v'{x) = 0. Otherwise, x G Wg corresponds to a triple {E / L, P,C) 
with E/L an elliptic curve, P a point of order AN {N if p = 2) on E, and C C E a. 
cyclic subgroup of order p. If E has bad or ordinary reduction, then set v'(x) = 0. 
Otherwise, if < v{E) < p/{l +p), then E has a canonical subgroup H of order p, 
and we define 

r v{E) H = C 

" ~ \ 1 - v{E/C) H^C 

Finally, if v{E) > p/{l+p) we define v'{x) — p/{l+p). Note that v' does not depend 
on the point P. For a nonnegative integer n, we let Vn denote the region in Wq defined 
by the inequality v' < 1 — +p). Buzzard proves that Vn is an admissible 

affinoid open in Wq for each n, and that Wq is admissibly covered by the Vn- 
Let 

x,{m,p)^l p^2 



f : Xi(4iVp"+Vq) 
denote the map characterized by 
{E,P)^ 



Xi(iV,2)^" p = 2 



{E/{ANpP),p'"P/{ANpP), {mP/{4NpP)) p ^ 2 
(£;/(27VP), 2™+ip/(27VP), {NP/{2NP))) p = 2 

on noncuspidal points. Define Wi = /^^(Wq) and Zn = f^^iVn) for 71 > 0. It 
follows from the above that Wi is an admissible open in Xi(4A'^p™+^/q)™ and that 
Wi is admissibly covered by the admissible opens Z„. The latter are affinoid since / 
is finite. 

Lemma 6.5. — The inclusion n^^ {Zn+2) ^ '^■z^i^n) holds for all n>0. 

Proof. — Since the maps tti and TT2 are finite, the stated inclusion is between affinoids 
and can be checked on noncuspidal points. Then the assertion follows immediately 
from two applications of Lemma 4.2 (2) of [3]. □ 

We can now state and prove the second analytic continuation result. 

Proposition 6.6. — Let r > and let F £ Ml^^^{4:Np"'+''- /q, K,p^'') . Suppose that 
there exists a polynomial P{T) G K[T] with P{0) such that P{Up2)F extends to 
Wi. Then F extend to this region as well. 

Proof. — Note that 

Xi(4iVp"+Vq)|;_,/,,+,, = Zo C Wi 



32 



NICK RAMSEY 



SO that by Proposition 16. 4[ F extends to Zq. Now we proceed inductively to extend 
F to each Z„. Let P[T) = Po{T) + a with Po(0) = and a 7^ 0. Then 

F = -iP{Up2)F - Po{Up2)F). 
a 

Suppose F extends to Zn for some n > 0. By hypothesis P{Up2)F extends to all 
of Wi, and by the construction of Up2 and Lemma [6.5[ Po{Up2)F extends to Zn+2, 
and hence so does F. Thus by induction F extends to Z„ for all n, and since Wi is 
admissibly covered by the Z„, F extends to Wi. □ 

li p =^ 2 and m = 1 (that is, if there is only one p in the level), then this is the end 
of the second analytic continuation step. In all other cases, Buzzard's techniques in 
[3] allow us to analytically continue to more connected components of the ordinary 
locus. Define 



m = ord,(qp™-i) = ( 



Following Buzzard, for < r < m let 11^ denote the admissible open in 
Xi(4iVp™+^/q)^ whose non-cuspidal points parameterize pairs {E,P) that are 
either supersingular or satisfy 

( Hp^-r{E) = (ANp^P) p + 2 
rip^ .yrj) <^ i72™+i-.(£;) = {NT-P) p = 2 

We have 

Wi = Uo C Hi C . . . C = Xi(4iVp'"+Vq)?,^ 
The last goal of the second step is to analytically continue eigenforms to llm-i- 

Lemma 6.7. — For 0<r<m — 2i(;e have TTj^^CLlr+i) C tt^^CU,.). 

Proof. — As usual, it suffices to check this on non-cuspidal points. Moreover, it 
suffices to check it on ordinary points, since the entire supersingular locus is contained 
in each U^. For brevity we will assume p ^ 2. The case p = 2 is proven in exactly 
the same manner. Let {E,P,C) G 7rf^(Ur+i) be such a point. Then Hpm-r-i{E) = 
{ANp^+^P) and since r + 1 < m, we conclude that Hp^-T-i{E) n C = 0. Now 
Proposition 3.5 of [3 implies that Hpr[E/C) is indeed generated by the image of 
ANp'-p iuE/C^&o {E,P,C) ETi^^iUr). □ 

Proposition 6.8. — Let r > and let F £ Mlf^{ANp'^+'^ /(i,K,p-'^). Suppose that 
there exists a polynomial P{T) £ K[T] with P{0) such that P{Up2)F extends to 
Um-i- Then F extend to this region as well. 



Proof. — Since Uq — Wi, Proposition 16.61 ensures that F analytically continues to 
1X0 . Now we proceed inductively to extend F to each ILr, < r < m— 1. Let 
P{T) = Po{T) + a with Pq{0) = and a 7^ 0. Then 

F=-iP{Up2)F~Po{Up2)F). 
a 

Suppose F extends to for some < r < m — 2. By hypothesis P{Up2)F extends 
to all of Um-i, and by the construction of Up2 and Lemma 16771 Po{Up2)F extends to 



THE HALF-INTEGRAL WEIGHT EIGENCURVE 



33 



Ur+i, and hence so does F. Proceeding inductively, we see that F can be extended 
aU the way to Um-i- CH 

The third and most difhcuh analytic continuation step is to continue to the rest 
of the curve Xi(4iVp™+^/q)|f . li p 2, we let Vq denote the admissible open in 
Xi{AN,p)^ whose points reduce to the irreducible component on the special fiber in 
characteristic p that contains the cusp associated to ( Tate (q), P, (qp)) for some (equiv- 
alently, any) choice of P. On the other hand, Hp = 2, we let Vq denote the admissible 
open in Xi{N,2)^ whose points reduce to the irreducible component on the special 
fiber in characteristic 2 that contains the cusp associated to ( Tate fg). P, ((72)) for some 
(equivalently, any) choice of P. Let V denote the preimage of Vq under the finite map 

g.X,{mp /q)Q^ I Xi(iV,2)- p = 2 

( {E,p^P,{ANp'^-^P)) p^2 
^ ' ' \ {E,2"'+^P,{2"'NP)) p^2 

Note that the preimage under g of the locus that reduces to the other component 
of Xi{4:N,p)f^ (or Xi(iV, 2)^2 if p = 2) is Itm-i, so in particular {Um-i,^} is an 
admissible cover of Xi(4iVp™+-^/q)Q" and Itm-i n V is the supersingular locus. 

For any subinterval / C {p~P/^^~^P\l] let VI (respectively Um-il) denote the 
admissible open in V (respectively Um-i) defined by the condition p^^(^) e /. Note 
that the complement of IXm-i in Xi(47Vp™+^/q)™ is V[l, 1]. Given a [/p2-eigenform 
of suitably low slope we will define a function on V[l, 1] and use the gluing techniques 
of |13j to glue it to the analytic continuation of our eigenform to Um-i guaranteed 
by Proposition 16. 61 These techniques rely heavily on the norms introduced in Section 
12.31 The use of Lemma 12.51 to reduce these norms to the supremum norm on the 
complement of the residue disks around the cusps will be implicit in many of the 
estimates that follow. 

Over y(^p~^/p(-'^+p\ 1] we have a section h to tti given on noncuspidal points by 

. V(p-i/p(i+p)^l] , Xi(4iVp"+Vq,p2)^ 

{E,P) ^ iE,P,Hp2) 

By standard results on quotienting by the canonical subgroup ( 3 , Theorem 3.3), the 
composition tt2 o h restricts to a map 

(9) Q : V(p-^ 1] — > V(p-P'^ 1] 

for any < r < l/p(l + p)- Note that since Q preserves the property of having 
ordinary or supersingular reduction, Q restricts to a map V{p~^,l) V(p^P ^,1). 
Define a meromorphic function 1? on V(^p~^/p('^+p\ 1] by = h*&p2, and note that 

(10) div{-d) = /l*(7r2S47Vp™ + l/q - 7I'lS4Arp™ + l/q) ^ Q*'^4Np'"+1-/q - S4Arp™ + l/q. 

Let F e i/°(l(m-i, C)(fc2]47Vp™+i/q)) and suppose that 

Up2F = aF + H 
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on Um-i for some classical form H and some a ^ 0. Note that this condition makes 
sense because 7r]f^(Um-i) ^ 7i'2^^('Um-i) by Lemma l6Jl For a pair {E,P) e Um-i 
corresponding to a noncuspidal point, we have 

(11) F{E, P) = ^y2 P^EIC P/C)Ql. {E, P, C) - -H{E, P) 

ap^ '-^ ^ a 

where the sum is over the cycUc subgroups of order having trivial intersection 
with the group generated by P. Suppose that {E, P) corresponds to a point in 
V(p-i/p(i+p)^l). Then the sub group generated by P has trivial intersection with 
the canonical subgroup H^i , and thus the canonical subgroup is among the sub- 
groups occurring in the sum above. One can check using Theorem 3.3 of ,3^ that 
{E/Hp2 , P/Hp2) corresponds to a point of Vi^p^p/'^^+P'l^ 1), while if C 7^ Hp2 is a cyclic 
subgroup of order with trivial intersection with {P), then {E/C, P/C) corresponds 
to a point of l[m-ib"^/P^^+P\l]. Define Fi on V{p-^/p'-^+P\l) by 

Fi ^ F :^'&''Q*{F\^(„-p/a+P) !))■ 

ap^ ^z- / 

Lemma 6.9. — The function Fi on V{p~^/P'^^'^P\l) extends to an element of 
ifO(V(p-i/p(i+f), 1], 0(fcE4Arp™+Vq))- 

Proof. — Equation pT|) and the comments that follow it show how to define the 
extension Fi of Fi, at least on noncuspidal points. For a pair {E,P) corresponding 
to a noncuspidal point of V(^p~^/p('^+p\ 1], we would like 

h{E,P) ^ ^y^F{E/C,P/C)eK{E,P,C) - -H{E,P) 

where the sum is over the cyclic subgroups of order p^ of E not meeting (P) and not 
equal to Hp2[E). We can formalize this as follows. 

The canonical subgroup of order p^ furnishes a section to the finite map 

TTf \V(p-l/P(l+f\ 1]) ^ V[p-^/P(^+P) ^ 1] 

and this section is an isomorphism onto a connected component of 7rf^ (V(p~^/p(^+P^ , 1]). 
Let Z denote the compliment of this connected component. Then tti restricts to a 
finite and flat map 

z — > v(p-i/p(i+p),i]. 

Note that 

z = TTf i(V(p-i/p(i+f), 1]) n z c TT^\u^-iip-^/p'^^+p\ 1]) n z 

as can be checked on noncuspidal points (see the comments following Equation (jlip ). 
Now we may apply the general construction of Section [5] with this Z and define 

Fi = ^7ri,(7r*F.e^O--^- 

Then 

F, e H0(V(p-l/P(l+P),l],O(fcE4Arp"^+Vq)) 

and Equation (fTTI) shows that Fi extends Fi. □ 
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For n > 1 we define an element F,, of ffO(V(p-i/p'" 1], 0(fcS4jvp™+i/q)) 

inductively, where Fi is as above and for n > 1 we set 

Note that Q and (fTO|) show that the Fn do indeed lie in the spaces indicated. Our 
goal is to show that the sequence {Fn], when restricted to V[l, 1], converges to an 
element of G of ff°(V[l, 1], 0(fcE47Vp™+i/q)) that glues to F in the sense that there 
exists a global section of 0(fcl]4jvp'"+i/q) that restricts to F and G on Um-i and 
V[l, 1], respectively. To do this we will use Kassaei's gluing lemma as developed in 
|13j . The following lemmas furnish some necessary norm estimates. 

Lemma 6.10. — The function Qp2 on Yi{4:,p^)q^ is integral. That is, it extends to 
a regular function on the fine moduli scheme Yi(4,p^)zp. 

Proof — Each ri(4) n r°(p2) structure on the cUiptic curve Tate (<?)/Qp ((g)) Hfts 
trivially to one over the Tate curve thought of over Zp((g)). Since the Tate curve 
is ordinary, such a structure specializes to a unique component of the special fiber 
Yi(4,p^)f . Since Fi(4,p^)z is Cohen-Macaulay, the usual argument used to prove 
the q-expansion principal (as in the proof of Corollary 1.6.2 of |14j ) shows that 0^2 
is integral as long as it has integral g-expansion associated to a level structure spe- 
cializing to each component of the special fiber. In fact, all g-expansion of 8p2 are 
computed explicitly in Section 5 of j l7l . and are all integral. □ 

Lemma 6.11. — Let R be an ¥p-algebra, let E be an elliptic curve over R, and let 
E^P^ denote the base change of E via the absolute Frobenius morphism on Spec(i?). 
Let 

Fr:E — > E'^p^ 

denote the relative Frobenius morphism. Then for any point P of order 4 on E we 
have 

ep2(£:,P,ker(Fr2)) = 
Proof. — In characteristic p, the forgetful map 

has a section given on noncuspidal points by 

s:{E,P)^{E,PMr{Fr^))- 

By Lemma 16.101 we may pull back (the reduction of) 8p2 through this section to 
arrive at a regular function on the smooth curve Yi (4)Fp . 

The g-expansion of s*0p2 at the cusp associated to f Tate fq), Ca) is 

s*ep2(Tate(g),C4) = 9^2 (Tatefg). G, (kerfFr^))). 
Recall that the map 

Tate(g) — > Tate(g^) 
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given by quotienting by /ip is a lifting of Fr to characteristic zero (more specifically, 
to the ring 'Z,{{q))). Thus the g-expansion we seek is the reduction of 

ep2(^(q),C4,MpO=P- 



modulo p, which is clearly zero. We refer the reader to Section 5 of [17j for the 
computation of the above g-expansion in characteristic zero. It follows from the q- 
expansion principle that s*9p2 = 0, which implies our claim. □ 

Lemma 6.12. — Let <r < +p)- Then the section i) of 

0(S4Arp'"+Vq ^ Q*^4Afp™ + Vq) 

satisfies 

||i?||vb-M] <P^'-^ 

Proof. — By Lemma 12.51 we may ignore points reducing to cusps in computing the 
norm. Let x G V[p^^ , 1] be outside of this collection of points, so x corresponds to 
a pair (E, P) with good reduction. Let Hpi denote the canonical subgroup of E of 
order (for whichever i this is defined) . Let E be a smooth model of E over l and 
let P and Hp2 be the extensions of P and Hp2 to E, respectively (these E and H 
should not be confused with the functions by the same name introduced in Section 

By Theorem 3.10 of |10j . Hp reduces modulo p/p^'^^^ to ker(Fr). Applying this to 
E/Hp we see that Hp2 /Hp reduces modulo to ker(Fr) on the corresponding 

reduction of E/Hp. By Theorem 3.3 of [3], we know that v{E/Hp) = pv{E), so 
pi-v{E/Hp) I pi-v{E) gj^^ j^g^y cQmbiue these statements to conclude that Hp2 
reduces modulo p^^P^(^) to ker(Fr^) on the reduction of E. 

Combining this with the integrality of Op2 (from Lemma l6.10p . we have 

h{x) = ep2{E,P,Hp2) = Qp2{E,P,keT{F?)) (mod 
This is zero by Lemma 16.111 so 

\h{x)\ < =pP^iE)-l < pPr-1 

as desired. □ 

Proposition 6.13. — Lei F G iJ'^CUm-i, 0(fcE4^pm+i/q)) and suppose that Up2 F — 
aF is classical for some a €z K with v(a) < 2A — 1. Then F is classical as well. 

Proof. — Define F„ as above. We first show that the sequence F'„|v[i,i] converges. 
Note that over 1] we have 

F„+2 - F„+i = (^Fi + -^^^•Q*F„+i ) - ( Fi + —d'Q*Fn 
1 

ap- 



2-i9^Q*(F„+i -F„). 
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By Lemma 16.121 (with r = 0) we have 

\\Fn+2 - ^^n+lllvfl.l] ^ ^\a\ ^^"^"^^ ~ -P'nllvil,!]- 

The hypothesis on a ensures that 




as n — > oo 



and hence that the sequence has successive differences that tend to zero. As 
H^{y[l, 1], 0{kYi4^jqpm+i /q)) is a Banach algebra with respect to || • || v[i,i] by Lemma 
12. 1[ it follows that the sequence converges. Set 

G = lim F„|v[i,il- 

Next we apply Kassaei's gluing lemma (Lemma 2.3 of |13| ) to glue G to F as 
sections of the line bundle 0([fcE4jvpm+i /qj). So that we are gluing over an affinoid as 
required in the hypotheses of the gluing lemma, we first restrict F to 'V[p~'^/p'^^^P\ 1) 
and glue G to this restriction to get a section over the smooth affinoid V[p~^/^^^'*'P', 1]. 
Since the pair {V[p-i/?'(i+?'), 1], Um-i} is an admissible cover of Xi(4iVp"+Vq)|f , 
this section glues to F to give a global section. 

The "auxiliary" approximating sections that are required in the hypotheses of 
this lemma (denoted F„ in TSj) are the Fn introduced above. So that the F„ live 
on affinoids (as in the hypotheses of the gluing lemma) we simply restrict F^ to 
'\7[p~i/p'"(i+p), 1]. The two conditions to be verified are 

lli^n - -F|lv[p-i/p2"(i+P),i) ^ and ||F„ - G||v[i4] ^ 0. 

The second of these is simply the definition of G. As for the first, it is not even clear 
that the indicated norms are finite (since the norms are over non-affinoids). To see 
that these norms are finite and that the ensuing estimates make sense, we must show 
that F has finite norm over 'V[p~^/P 1). It suffices to show that the norms of F 

over the affinoids 

are uniformly bounded for n > 1. The key is that the map Q restricts to a map 
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for each n > 1. Since Fi extends to the afhnoid V[p l], its norms over the 

Vn are certainly uniformly bounded, say, by M. We have 



|-F||v„ < max ||Fi||v„ 



1 

ap 



< max(M,f^||t9'=||vJ|Q*F||v. 



< max 



Ti^ — ^ k 

< max ( M, tl^pp^n-Hi+p) ||i^|U 



Iterating this, we see that ||-F||v„ does not exceed the maximum of 



im<n-2 \ V fI / 



0<m<n-2 

and 



The sums in the exponents of are geometric and do not exceed l/{p^ ~P)- Moreover, 
the hypothesis on a ensures that p^~'^/|a| < 1. Thus we have 

||F||v„ <max(^Mp^^,p^^^||F||vi) , 

which is independent of n, as desired. This ensures that all of the norms encountered 
below are indeed finite. 

From the definition of the F„ , we have 

Fn+i-F = Fx + -^'d^Q*Fn-F 
ap^ 

= F-^^''Q*F+^§''Q*Fn-F 
ap'^ ap'^ 

= -\'d''Q*{Fn-F). 
ap^ 

Taking supremum norms over the appropriate admissible opens, we see 

ll-Pn+l — -P'llv[p-i/P^"+^(i+P),l) 
P^ 

- |^"'^"v[p-i/p2"+2(i+p)a)ll<3*(-'^" ~ -^)llv[p-i/p2"+2(i+p)^l) 



l — k 

Pp,^^Ai+P} \\Fn - F\ 

\a\ 



VIp-i/p^^-Ci+p),!) 
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Iterating this we find that 

Again the sum in the exponent is less than l/{p^ ~ P) for all n, so the hypothesis on 
a ensures that the above norm tends to zero as n — > oo, as desired □ 

We are now ready to prove the main result, which is a mild generalization of 
Theorem 16. II stated at the beginning of this section. 

Theorem 6.14- — Let m be a positive integer, let : (Z/qp"'^^Z)^ — > be a 
character, and define k{x) = x^%l}{x). Let P{T) G K[T] be a monic polynomial all 
roots of which have valuation less than 2A — 1. If F Ml{4:N, K) and P{Up2)F is 
classical, then F is classical as well. 

Proof — Pick < r < r„ such that F € M,,{AN, K,p-'') and let let F' e 
Mk/2{4:Np"^^^ /q, K,p~^) be the form corresponding to F under the isomorphism 
of Proposition 16.21 We must show that F' is classical in the sense that it an- 
alytically continues to all of Xi{ANp"'+'^ /q)f . Note that P(0) ^ for such 
a polynomial, so by Proposition 16. 8[ F' analytically continues to an element of 
H^O^m-i, 0(fcl]4jvpm+i /q)). Now wc procccd by induction on the degree d of P. The 
case d = 1 is Proposition 16. 131 Suppose the result holds for some degree d > 1 and 
let P{T) be a polynomial of degree d -I- 1 as above. We may pass to a finite extension 
and write 

F(r) = (T-ai)...(r-a<j+i). 

The condition that P{Up2)F' is classical implies by the inductive hypothesis that 
{Up2 — ad+i)F' is classical. This implies that F' is classical by the case d = 1. □ 

Remark 6.15. — The results of this section likely also follow from the very general 
classicality machinery developed in the recent paper [12] of Kassaei, though we have 
not checked the details. 



7. The half-integral weight eigencurve 

To construct our eigencurve, we will use the axiomatic version of Coleman and 
Mazur's Hecke algebra construction, as set up by Buzzard in his paper 0]. We briefly 
recall some relevant details. 

Let us for the moment allow W to be any reduced rigid space over K. Let T be 
a set with a distinguished element 0. Suppose that, for each admissible afflnoid open 
X C W, we are given a Banach module Mx over 0{X) satisfying a certain technical 
hypothesis (called {Pr) in 4 ) and a map 

T ^ Endoix){Mx) 
t ^ tx 
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whose image consists of commuting endomorphisms and such that (px is compact 
for each X. Assume that, for admissible affinoids C X2 C W, we are given a 
continuous injective 0(Xi)-linear map 

ai2 : Mx, — Mx,®o(X2)0{Xi) 

that is a "hnk" in the sense of [4] and such that (txa"?)!) o ai2 — ai2 o tx^- Assume 
moreover that, if Xi C X2 C X3 C W are admissible afHnoids, then ais = a^z o (212 
with the obvious notation. Note that the link condition ensures that the characteristic 
power series PxiT) of (j)x acting on Mx is independent of X in the sense that the 
image of Px2{T) under the natural map 0(X2)|T] ^ 0(Xi)|r] is PxA^) (see [4]). 

Out of this data. Buzzard constructs rigid analytic spaces D and Z, called the 
eigenvariety and spectral variety, respectively, equipped with canonical maps 

(12) D — >Z — >W. 

The points of D parameterize systems of eigenvalues of T acting on the {Mx} for 
which the eigenvalue of (f> is nonzero, in a sense that will be made precise in Lemma 
17.31 while the image of such a point in Z simply records the inverse of the eigenvalue 
and a point of W. If W is equidimcnsional of dimension d, then the same is true of 
both of the spaces D and Z. 

As the details of this construction will be required in the next section, we recall 
them here. The following is Theorem 4.6 of [4 , and is the deepest part of the con- 
struction. 

Theorem 7.1. — Let R be a reduced ajfinoid algebra over K , let P{T) be a Fredholm 
series over R, and let Z C Sp(i?) x denote the hypersurface cut out by P{T) 
equipped with the projection n : Z — > Sp(i?). Define G{Z) to be the collection of 
admissible affinoid opens Y in Z such that 

— Y' = Tr{Y) is an admissible affinoid open in Sp(i?), 

— TT : y > Y' is finite, and 

— there exists e G 0('k^^{Y')) such that e^ — e and Y is the zero locus of e. 
Then C{Z) is an admissible cover of Z . 

We will generally take Y' to be connected in what follows. This is not a serious 
restriction, since Y is the disjoint union of the parts lying over the various connected 
components of Y' . We also remark that the third of the above conditions follows from 
the first two (this is observed in [J where references to the proof are supplied) . 

To construct D, first fix an admissible affinoid open X C W. Let Zx denote the 
zero locus of Px{T) = det(l - (j)xT \ Mx) in X x and let n : Zx ^ X denote 
the projection onto the first factor. Let Y G C{Zx) and let Y' — tt{Y) as above 
and assume that Y' is connected. We wish to associate to F a polynomial factor of 
Py'iT) = det(l - i(t>x^i)T I Mx§o(x)0(F')). Since the algebra 0{Y) is a finite and 
locally free module over 0{Y'), we may consider the characteristic polynomial Q' of 
T G 0(F). Since T is a root of its characteristic polynomial, we have a map 



(13) 



0{Y')[T]/iQ'{T))^0{Y). 
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It is shown in Section 5 of ^ that this map is surjective and therefore an isomorphism 
since both sides are locally free of the same rank. 
Now since the natural map 

0{Y')[T]/{Q'{T)) iD{Y'){{T]]/{Q'{T)) 

is an isomorphism, it follows that Q'(T) divides PyiT) in 0{Y'){{T}}. If oq is 
the constant term of Q'{T), then this divisibility implies that oq is a unit. We set 
Q{T) = aQ^Q'(T). The spectral theory of compact operators on Banach modules (see 
Theorem 3.3 of j4|) furnishes a unique decomposition 

Mx§o(x)0(r') ^iV©F 

into closed (/>- invariant O(y)-submodules such that Q*{(j)) is zero on N and invertible 
on F. Moreover, N is projective of rank equal to the degree of Q and the characteristic 
power series of on iV is Q{T). The projector Mx®o{x)^(y') — * ^ is in the closure 
of O(y)[0], so N is stable under all of the endomorphisms associated to elements 
of T. Let T(F) denote the 0(y )-subalgebra of Endo(y/)(A^) generated by these 
endomorphisms. Then T(F) is finite over 0{Y') and hence affinoid, so we we may set 
Dy = Sp(T(y)). Because the leading coefficient of Q {— the constant term of Q*) is 
a unit there is an isomorphism 

o(r')[r]/(g(r)) ^ o(y')[^]/(Q*(^)) 

T I — > S-^ 

Thus we obtain a canonical map Dy — > Y , namely, the one corresponding to the 
map 

o(y) - o(r')[r]/(g(r)) - 0iY')[s]/iQ*iS)) ^ T(y) 

of affinoid algebras. 

For general Y £ C{Zx), we define Dy be the disjoint union of the afhnoids defined 
above from the various connected components of Y'. We then glue the affinoids Dy 
for Y G G{Zx) to obtain a rigid space Dx equipped with maps 

Dx -^Zx^X. 

Finally, we vary X and glue the desired spaces and maps above to obtain the spaces 
and maps in l|12p. This final step is where the links aij above come into play. We 
refer the reader to 0] for further details. 

Definition 7.2. — Let L be a complete discretely- valued extension of K. An L- 
valued system of eigenvalues of T acting on {Mx}x is a pair (k, 7) consisting of a map 
of sets 7 : T — > L and a point k 6 W(L) such that there exists an affinoid X C W 
containing k and a nonzero element m G Mx®o(x),kL such that {tx®'^)fn = j(t)m 
for all t G T. Such a system of eigenvalues is called (/)-finite if j{(f)) 7^ 0. 

Let X be an L- valued point of D. Then x lies over a point in G W(L) which lies 
in X for some affinoid X, and x moreover lies in Dy{L) for some Y G C{Zx)- Thus 
to X and the choice of X and Y corresponds a map T{Y) — > L, and in particular 
a map of sets A^: : T — > L. In [4 , Buzzard proves the following characterization of 
the points of D. 
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Lemma 7.3. — The correspondence x \ — s- (kx, A^;) is a well-defined bijective corre- 
spondence between L-valued points of D and (p-finite L-valued systems of eigenvalues 
o/T acting on the {Mx}. 

In our case, we let W be weight space over Qp as in Section [2T4l and let T be the 
set of symbols 

1 {Te2}i)(4:N ^ {Ue^jiiiN ^ {{d)N}de{^/NZ)>^ p = 2 
For an admissible affinoid open X CW we let 

where n is the smallest positive integer such that X C W„. This module is a direct 
summand of the Qp-Banach space 

i/0(Xi(47Vp)-_„„,O(S4jvp))§Q,O(X) 
i/0(Xi(4A^)|"2_„„,0(S4w))§Q,0(X) p^2 

and therefore satisfies property (Pr) since this latter space is potentially orthonor- 
malizable in the terminology of [4] by the discussion in Section 1 of ^19^ . We take the 
map 

T ~^Endo(x)(Mjf) 

to be the one sending each symbol to the endomorphism by that name defined in 
Section \E\ 

Let Xi C X2 C W be admissible affinoids and let Ui be the smallest positive integer 
with Xi C W„; . Then ni < n2 so that r„2 < r„j and we have an inclusion 

Mx, Qp, p-''"! ) — > Mx, (47V, Qp, p^''"^ ) 
given by restriction. We define the required continuous injection ai2 via the diagram 

Mx, (47V, Qp, p-"^"! ) Mx, (4iV, Qp, p-''-^ ) 




Mx,(47V,Qp,p-'-"2)io(^^)0(Xi) 

and note that the required compatibility condition is satisfied. To see that these maps 
are links, choose numbers 

rn, = So > Si > S2 > • • • > Sk-1 > Sfc = 

with the property that p^s^+i > Si for all i. Then the map ai2 factors as the compo- 
sition the maps 

Mx, i^N, Qp, p-^' ) — . Mx, (47V, Qp, p-^'+O 
for < i < fc — 2 and the map 

Mx,{m,Qp,p-''-') MxA^N,Qp,p-'')®o(x,)G{Xi). 
Each of these maps is easily seen to be a primitive link from the construction of Up2 . 
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The result is that we obtain rigid analytic spaces D and Z which we call the half- 
integral weight eigencurve and the half-integral weight spectral curve, respectively, as 
well as canonical maps 

b — >z — > w. 

As usual, the tilde serves to distinguish these spaces from their integral weight coun- 
terparts first constructed in level f by Coleman and Mazur and later constructed for 
general level by Buzzard in [4] . 

If instead of using the full spaces of forms we use only the cuspidal subspaces ev- 
erywhere, then we obtain cuspidal versions of all of the above spaces, which we will 
delineate with a superscript 0. Thus we have and with the usual maps, and 
the points of these spaces parameterize systems of eigenvalues of the Hecke opera- 
tors acting on the spaces of cusp forms by Lemma 17.31 We remark that there is a 
commutative diagram 

5° 



z^ ^z 




w 



where the horizontal maps are injections that identify the cuspidal spaces on the left 
with unions of irreducible components of the spaces on the right. This is an exercise 
in the linear algebra that goes into the construction of these eigenvarieties and basic 
facts about irreducible components of rigid spaces found in pf|, and is left to the 
reader. 

For K, g 'W(i4r), let and denote the fibers D and over n. The following 
theorem summarizes the basic properties of these eigencurves. 

Theorem 7.4- — Let k G W(if). For a complete extension L/K, the correspon- 
dence X I — > Xx is a bijection between the L-valued points of the fiber D^^L) and the 
set of finite- slope systems of eigenvalues of the Hecke operators and tame diamond op- 
erators occurring on the space A/^(4iV, L) of overconvergent forms of weight k defined 
over L. The same statement holds with D replaced by and Mj^(4iV, L) replaced by 

simL). 

Proof. — We prove the statement for the full space of forms. The proof for cuspidal 
forms is identical. Fix k G W{K). Once we establish that the L-valued systems of 
eigenvalues of the form (k,7) occurring on the {Mx}x as defined above are exactly 
the systems of eigenvalues the Hecke and tame diamond operators that occur on 
MI{4:N,L), the result is simply Lemma [7.31 "collated by weight." To see this one 
simply notes that, for any / G Ml{4N,L), we have both / e Mi^{4N, L,p~^") and 
K G W„ for n sufficiently large. In particular, if / is a nonzero eigenform for the Hecke 
and tame diamond operators, then the system of eigenvalues associated to / occurs 
in the module Mvi;„ for n sufficiently large. □ 
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We remark that the classicahty result of Section [S] has the expected consequence 
that the coUection of points of D corresponding to systems of eigenvalues occurring 
on classical forms is Zariski-dense in D. This result is contained in the forthcoming 
paper [18] . 

Appendix A 

Properties of the stack Xi{Mp,p^) over Z(p) 
by Brian Conrad 

In this appendix, we establish some geometric properties concerning the cuspidal 
locus in compactified moduli spaces for level structures on elliptic curves. We are 
especially interested in the case of non-etale p-level structures in characteristic p, 
so it is not sufhcient to cite the work in [9] (which requires etale level structures 
in the treatment of moduli problems for generalized elliptic curves) or [15| (which 
works with Drinfeld structures over arbitrary base schemes but avoids non-smooth 
generalized elliptic curves). The viewpoints of these works were synthesized in the 
study of moduli stacks for Drinfeld structures on generalized elliptic curves in [§] , and 
we will use that as our foundation in what follows. 

Motivated by needs in the main text, for a prime p and an integer Af > 4 not 
divisible by p we wish to consider the moduli stack Xi {Mp^ , p"^ ) over Z(p) that classifies 
triples {E, P, C) where E is a generalized elliptic curve over a Z(p)-scheme S, P G 
i;™(5) is a Drinfeld Z/Mp''Z-structure on i;™, and C C is a cyclic subgroup 
with order p'^ such that some reasonable ampleness and compatibility properties for P 
and C are satisfied. (See Definition I A. II for a precise formulation of these additional 
properties.) The relevant case for applications to p-adic modular forms with half- 
integer weight is e = 2, but unfortunately such moduli stacks were only considered in 
[8] when either r > e or r = 0. (This is sufficient for applications to Hecke operators, 
and avoids some complications.) We now need to allow 1 < r < e, and the purpose 
of this appendix is to explain how to include such r and to record some consequences 
concerning the cusps in these cases. The consequence that is relevant the main text 
is Theorem lA.llI To carry out the proofs in this appendix we simply have to adapt 
some proofs in 8 rather than develop any essentially new ideas. For the convenience 
of the reader we will usually use the single paper [§] as a reference, though it must 
be stressed that many of the key notions were first introduced in the earlier work [9] 
and |15) . In the context of subgroups of the smooth locus on a generalized elliptic 
curve, we will refer to a Drinfeld Z/A^Z-structure (resp. a Drinfeld Z/A^Z-basis) as a 
Z/A^Z-structure (resp. Z/A^Z-basis) unless some confusion is possible. 

A.l. Definitions. — We refer the reader to [8j §2.1] for the definitions of a gener- 
alized elliptic curve f : E ^ S over a scheme S and of the closed subscheme 5*°° C S 
that is the "locus of degenerate fibers" for such an object. (It would be more accu- 
rate to write S°°'-^ , but the abuse of notation should not cause confusion.) Roughly 
speaking, £' 5 is a proper flat family of geometrically connected and semistable 
curves of arithmetic genus 1 that are either smooth or are so-called Neron polygons. 
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and the relative smooth locus i?''™ is endowed with a commutative S'-group struc- 
ture that extends (necessarily uniquely) to an action on E such that whenever Es 
is a polygon the action of Ef^ on Eg is via rotations of the polygon. Also, S°° is 
a scheme structure on the set of s S S* such that E^ is not smooth. The definition 
of the degeneracy locus S°° (as given in [8, 2.1.8]) makes sense for any proper flat 
and finitely presented map C S with fibers of pure dimension 1, and if S' is any 
S'-scheme and then there is an inclusion S" x s S°° C S'°° as closed subschemes of S' 
(with S"°° corresponding to the S"-curve C Xs S'), but this inclusion can fail to be an 
equality even when each geometric fiber Cs is smooth of genus 1 or a Neron polygon 
[HI Ex. 2.1.11]. Fortunately, if C admits a structure of generalized elliptic curve over 
S then this inclusion is always an equality [HI 2.1.12], so the degeneracy locus makes 
sense on moduli stacks for generalized elliptic curves (where it defines the cusps). 

We wish to study moduli spaces for generalized elliptic curves E/g equipped with 
certain ample level structures defined by subgroups of i?*^™. Of particular interest 
are those subgroup schemes G C E^"^ that are not only finite locally free over the 
base with some constant order n but are even cyclic in the sense that /pp/-locally 
on the base we can write G = (P) := X^jez/nzb^l ^^'^ Cartier divisors for 
some n-torsion point P of E^"^. By [8j 2.3.5], if P and P' are two such points for the 
same G then for any d\n the points {n/d)P and {n/d)P' are Z/(n/(i)Z-generators of 
the same ^-subgroup of G, so by descent this naturally defines a cyclic S'-subgroup 
Gd C G of order d even if P does not exist over the given base scheme S. We call 
Gd the standard cyclic subgroup of G with order d. For example, if c? = d' d" with 
c?', d" > 1 and gcd{d' , d") — 1 then Gd' x Gd" — Gd via the group law on G. 

Definition A.l. — Let iV, n > 1 be integers. 

A Ti[N)- structure on a generalized elliptic curve E/g is an S'-ample 'LjlSS'L- 
structure on E^^ , which is to say an A^-torsion point P E E^'°^{S) such that the 
relative effective Cartier divisor D = J2jez/Nz{j^] '^^^ '"^^ S'-subgroup and Dg 

is ample on Eg for all s G 5*. 

A ri(A^, n)-structure on E/g is a pair (P, G) where P is a Z/A^ Z-structure on E^"^ 
and G C E^"^ is a cyclic S'-subgroup with order n such that the relative effective 
Cartier divisor D — J2jez,/NZ,ij^ + C) on E is S-ample and there is an equality of 
closed subschemes 



for all primes p\ gcd(A^, n), with Cp = ordp(gcd(A^, n)) > 1. 

Example A. 2. — Obviously a ri(A^, l)-structure is the same thing as a Ti{N)- 
structure. If A^ = 1 then we refer to ri(l)-structures as r(l)-structures, and such a 
structure on a generalized elliptic curve E/g must be the identity section. Thus, by 
the ampleness requirement, the geometric fibers Eg must be irreducible. Hence, the 
moduli stack Mr(i) of r(l)-structures on generahzed elliptic curves classifies general- 
ized elliptic curves with geometrically irreducible fibers. 



(14) 
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In [51 2.4.3] the notion of ri(Af, ri)-structure is defined as above, but with the 
additional requirement that ordp(n) < ordp(A^) for all primes p|gcd(A^, n). This 
requirement always holds when n — 1 and whenever it holds the standard subgroup 
Cp^v in (|14p is the p-part of C, but it turns out to be unnecessary for the proofs of 
the basic properties of ri(iV, n)-structures and their moduli, as we shall explain in 
ijA.2l For example, the proof of [8, 2.4.4] carries over to show that we can replace 
with the requirement that 

^ {3{Nld)P + Cd)=E^^[d\ 

in E for d — gcd(N,n). Another basic property that carries over to the general case 
is that if (P, C) is a ri(7V, n)-structure on E then the relative effective Cartier divisor 
Sjez/jvzO-f + ^) ^^"^ S'-subgroup; the proof is given in [8l 2.4.5] under 

the assumption ordp(n) < OTdp(N) for every prime p|gcd(A^, n), but the argument 
works in general once it is observed that after making an fppfhase change to acquire a 
Z/rtZ-generator Q of C we can use symmetry in P and Q in the rest of the argument 
so as to reduce to the case considered in [8]. 

A. 2. Moduli stacks. — As in [Sj 2.4.6], for A^, n > 1 we define the moduli stack 
Mr^(jv,n) to classify ri(A^, n)-structures on generalized elliptic curves over arbitrary 
schemes, and we let ^r'i{N n) ^ ^ri(Af,n) denote the closed substack given by the 
degeneracy locus for the universal generalized elliptic curve. The arguments in [S] 
§3.1-§3.2] carry over verbatim (i.e., without using the condition ordp(n) < ordp(A^) 
for all primes p\ gcd{N, n)) to prove the following result. 

Theorem A. 3. — The stack Mri(jv,n) is an Artin stack that is proper over Z. It 
is smooth over 1j[l/Nn\, and it is Deligne-Mumford away from the open and closed 
substack mMJ^^^jy^^ classifying degenerate triples (E,P,C) in positive characteristics 
p such that the p-part of each geometric fiber of C is non-etale and disconnected. 

The proof of [H 3.3.4] does not use the condition ordp(n) < ordp(A^) for all primes 
p\gcd{N,n) (although this condition is mentioned in the proof), so that argument 
gives: 

Lemma A. 4- — The open substack Mp^j-jy^-j = ^ri(jv,n) ^ ■'^rj(jvn) classifying el- 
liptic curves endowed with a ri(A^, n)-structure is regular and "L-flat with pure relative 
dimension 1. 

We are interested in the structure of 'M.Ti{N.n) around its cuspidal substack, espe- 
cially determining whether it is regular or a scheme near such points. Our analysis of 
■^'ti{n n) I'ssts on the following theorem. 

Theorem A. 5. — The map Mri(jv,n) ~^ Spec(Z) is fiat and Cohen- Macaulay with 
pure relative dimension 1. 

Proof. — By Lemma IA.41 we just have to work along the cusps. Also, it suffices 
to check the result after localization at each prime p, and if p | gcd(A^, n) or 1 < 
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ordp(n) < ordp(A^) then [51 3.3.1] gives the result over "^(^py It therefore remains 
to study the cusps in positive characteristic p when 1 < ordp(iV) < ordp(n). As 
in the cases treated in [8], the key is to study the deformation theory of a related 
level structure on generalized elliptic curves called a Ti(N,n)- structure: this is a 
pair {P,Q) where P is a Z/A^Z-structure on the smooth locus and Q is a Z/nZ- 
structure on the smooth locus such that (P, (Q)) is a ri(A^, n)-structure. The same 
definition is given in [8j 3.3.2] with the unnecessary restriction ordp(n) < ordp(A^) for 
all primes p\ gcd{N, n), and the argument in [§] immediately following that definition 
works without such a restriction to show that the moduli stack Mf^^j^ of ri(iV, n)- 
structures is a Deligne-Mumford stack over Z that is a finite flat cover of the proper 
Artin stack Mri(Ar,n)- 

By the Deligne-Mumford property, any ri(A^, n)-structure xo — {Eq, Po,Qo) over 
an algebraically closed field k admits a universal deformation ring. Since ^VCp^^^^^^ 
is a finite fiat cover of Mr-^(N,n)^ as in the proof of [8j 3.3.1] it suffices to assume 
char(fc) = p > and to exhibit the deformation ring at xq as a finite fiat extension 
of H^(A;)|a;] when Eq is a standard polygon, n = p'^, and A^ = Mp^ with p ] M and 
e,r > 1. The case e < r was settled in [8], and we will adapt that argument to 
handle the case 1 < r < e. By the ampleness condition at least one of MPq or Qo 
generates the p-part of the component group of i?o™, and moreover {MPo,p^^^Qq} 
is a Drinfeld Z/p'"Z-basis of Eq^Ip"^]. We shall break up the problem into three cases, 
and it is only in Case 3 that we will meet a situation essentially different from that 
encountered in the proof for 1 < e < r in [8j. 

Case 1: We first assume that MPq generates the p-part of the component group, 
so by the Drinfeld Z/p''Z-basis hypothesis this point is a basis of £'™(fc)[p°°] over 
Z/p^Z (as we are in characteristic p and Eq is a polygon). Hence, Qq = JMPq for a 
unique j £ Z/p''Z (so p^~^Qo — p'^~^ j M Pn) . Since n is a p-power, it also follows that 
(Po) is ample. In particular, {Eq, Pq) is a ri(A^)-structurc. Thus, the formation of an 
infinitesimal deformation {E,P,Q) of (i?o,Po,Qo) can be given in three steps: first 
give an infinitesimal deformation {E,P) of (i?o,Po) as a ri(A^)-structure, then give 
a Drinfeld Z/p^'Z-basis {MP,Q') of i;™^[p''] with Q' deforming p'="''Qo, and finally 
specify a p'^^'^th root Q of Q' lifting Qq = JMPq. The one aspect of this description 
that merits some explanation is to justify that such a p'^~^th root Q of Q' must be a 
Z/p'^Z-structure on E^"^. The point Q is clearly killed by p^, so the Cartier divisor 
D = J2jez/p^zijQ] makes sense and we have to check that it is automatically 

a subgroup scheme. 

The identification (i?Q™)''[p*] — jipt uniquely lifts to an isomorphism (i?™^)°[p*] ~ 
^pt for any i > 0. In particular, if p^ is the order of the p-part of the cyclic component 
group of i?o™ (with v > r) then is an extension of Z/p-'Z by /^pe where 

j = min(i', e). The image of (Qo) in the component group can be uniquely identified 
with 'L/p^'L (for some i < j) such that Qo ^ 1, and this 'L/p^'L has preimage G in 
^smj^ej ^Yy^^ jg p'^-torsion commutative extension of 'I./p''X by with Q < i < e. 
Since Q is a point of G over the (artin local) base, it follows from [8l 2.3.3] that Q is a 
Z/p'^Z-structure on if and only if the point p^Q in /ipe-i is a Z/p'^~'Z-generator 
of ^pc-i. The case i = e is therefore settled, so we can assume i < e (i.e., (Qo) 
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is not etale, or equivalently p'^^^Qo — 0). By hypothesis p'^^^Q — Q' is a Z/p''Z- 
structure on E^'^ with 1 < r < e, so p'^^^Q — p^~^Q' is a Z/pZ-structure on i?^'". 
This Z/pZ-structure must generate the subgroup /ip C since p^~^Q Hes in 

(£;^"i)0 (as p-^-^Qo = 0). Hence, Q" = p^Q is a point of ^ip.-^ such that p'^-^-^Q" 
is a Z/pZ-generator of fj,p. Since Z/mZ-generators of are simply roots of the 
cyclotomic polynomial [l5t 1.12.9], our problem is reduced to the assertion that 
if s is a positive integer (such as e — z) then an element C in a ring is a root of the 
cyclotomic polynomial $ps if (^p is a root of $p. This assertion is obvious since 
$ps(T) = $p(r^'° ^), and so our description of the infinitesimal deformation theory 
of {Eo,Po, Qo) is justified. 

The torsion subgroup E^™-[p^'] is uniquely an extension of Z/p' Z by fipr- deforming 
the canonical such description for E^'°^[p^], so the condition on Q' is that it has the 
form C + p'^~^ j M P for a point C of the scheme of generators fipr of /ipr- — {E^'°^)'^[p^]. 
Thus, to give Q is to specify a p'^^^'th root of ( in E^"^ deforming the identity, which 
is to say a point of fip„. It is shown in the proof of [S] 3.3.1] that the universal 
deformation ring A for {Eo,Po) is finite flat over W^(fc)|a;], and the specification of C 
amounts to giving a root of the cyclotomic polynomial <i>pe, so the case when MPq 
generates the p-part of the component group of Eq'°^ is settled (with deformation ring 

Case 2: Next assume that Qq generates the p-part of the component group and 
that (Qo) is etale (i.e., Qo £ ^o^i^) h^is order p^). The point Qo must generate 
£'o™(fc)[p°°] over Z/p'^Z, and the etale hypothesis ensures that Qo is a Z/p'^Z-basis of 
Eq {k)[p'^]- Thus, MPo = p''~''jQo for some (unique) j e Z/p'^Z. By replacing P 
with P — M^^p'^^^jQ for any infinitesimal deformation {E,P,Q) of (£'o,-fo,Qo) we 
can assume that the p-part of Po vanishes. The p-part of P must therefore be a point 
of /ipr. The Z/A/Z-part of P together with Q constitutes a ri(Mp'^)-structure on 
E (in particular, the ampleness condition holds), and this is an etale level structure 
since the cyclic subgroup (Qo) in E'™ is etale. Hence, the infinitesimal deformation 
functor of {Eq^ Pq, Qq) is pro-represented by /Xpr over the deformation ring of an etale 
ri(Mp^)-structure. For any R> 1, deformation rings for etale Fi (i?)-structures on 
polygons over k have the form VF(fc)|a;] (as is explained near the end of the proof of 
[SI 3.3.1], using [9l H, 1.17]), so not only are we done but in this case the deformation 
ring for (£'o,Po,Qo) is the ring W{k)lxj[T]/{^pr-{T)) that is visibly regular. 

Case 3: Finally, assume Qo generates the p-part of the component group but 
that (Qo) is not etale (i.e., Qo £ £'™(fc) has order strictly less than p*^), so p'^~^Qo G 
Ef^{k) has order strictly dividing p^ . Since {MPo,p'^~''Qo} is a Drinfeld Z/p''Z-basis 
of Ef^\jf], the point MPo must be a Z/p''Z-basis for Ef^{k)[p']. Hence, if we write 
Po = P^ P^' corresponding to the decomposition Z/7VZ = {TLjMTL) x (Z/p''Z) then 
P^' has order exactly p" in E^^ik). We use P^' to identify £;™(fc)[p''] with Z/p''Z. 
It follows that if we make the analogous canonical decomposition P = P' + P" for 
an infinitesimal deformation [E, P, Q) of {Eq^ Po, Qo) then the p-part P" deforms Pq' 
and generates an etale subgroup of E^'^ with order p^ . Thus, P' and Q together con- 
stitute a (non-etale) Fi(Mp'^)-structure on E (in particular, the ampleness condition 
holds), and the data of P" amounts to a section over 1 e Z/p''Z with respect to the 
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unique quotient map E^'^lp"^] ~» Z/p^Z lifting the quotient map Eq^[p^] Z/p''Z 
defined by Pq'. Since the specification of a Z/A^Z-structure on i?^'" is the "same" as 
the specification of a pair consisting of Z/MZ-structure and a Z/p''Z-structure [151 
1.7.3], we conclude that the universal deformation ring of {Eq, Pq,Qo) classifies the 
fiber over 1 G Z/p'"Z in the connected-etale sequence for the ^''-torsion in infinitesimal 
deformations of the underlying ri(Mp'^)-structure (ii^o,^ojQo)- Universal deforma- 
tion rings for ri(Afp'^)-structures over k are finite flat over (by the proof of 
[HI 3.3.1]), so we are therefore done. □ 

Corollary A. 6. — The closed substack MJ?^^^-) ^ ^ri{N,n) is a relative effective 
Cartier divisor over Z, and it has a reduced generic fiber over Q. 

Proof. — The reducedness over Q is shown in [8, 4.3.2], and the proof works without 
restriction on gcd(iV, n). Likewise, the proof that MJ^P^^ is a Z-flat Cartier divisor 
is part of [H 4.1.1(1)] in case ordp(n) < ordp(iV) for all primes p|gcd(A^, n), but 
by using the above proof of Theorem IA.5I we see that the method of proof works in 
general. □ 

Using Lemma lA.41 Theorem lA.Si and Corollarv lA.6[ Serre's normality criterion can 
be used to prove normality for Mri(jv,n) iii general. (This is proved in [§1 4.1.4] subject 
to the restrictions on gcd(A^, n) in the definition of ri(A^, n)-structures in [8], but the 
argument works in general by using the results that are stated above without any such 
restriction on gcd(7V, n).) However, the proof of regularity encounters complications 
at points of a certain locus of cusps in bad characteristics. This problematic locus is 
defined as follows. 

Definition A. 7. — Let Zri(7V.n) ■'^r^(ArTi) 0-dimensional closed substack 

with reduced structure consisting of geometric points {Eq, Pq,Co) in characteristics 
p\gcd{N,n) such that 1 < ordp(A^) < ordp(n), Co is not etale, and {N /p°'"^f^^'^)Po 
does not generate the p-part of the component group of Sq™ . 

Note that if ordp(n) < ordp(A^) for all primes p\ gcA{N, n) (the situation considered 
in [§]) then Zri(Ar,n) is empty; this includes the case of ri(iV)-structures for any N 
(take n = 1). In all other cases it is non-empty. The geometric points of Z,Y-^{N,n) 
correspond to precisely the points in Case 3 in the proof of Theorem IA.5I The 
method in [8] for analyzing regularity along the cusps assumes Zr^ (N,n) is empty, and 
by combining it with the modified arguments in the proof of Theorem I A. 5 1 (especiallv 
the regularity observation in Case 2) we obtain the following consequence. 

Theorem A. 8. — The stack Mri(jv,n) is regular outside of the closed substack 
Zri(jv,«) ^ Mj^jjy 

A. 3. Applications. — Before we apply the preceding results, we record a useful 
lemma. 

Lemma A. 9. — Let S be a scheme and let X be an Artin stack over S. Assume X 
is S-separated. The locus of geometric points of X with trivial automorphism group 
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scheme is an open substack II C X that is an algebraic space. This algebraic space is 
a scheme if X is quasi-finite over a separated S-scheme. 

Proof. — The first part is [8, 2.2.5(2)], and the second part follows fi-om the general 
fact that an algebraic space that is quasi-finite and separated over a scheme is a 
scheme [T6', Thm. A.2]. □ 

In the setting of Lemma lA. 91 if X is quasi-finite over a separated 5'-scheme then we 
call U the maximal open subscheme of X. The case of interest to us is X = Mri(Ar,„)/s 
over any scheme S. This is quasi-finite over the S'-proper stack Mr(i)/s via fibral 
contraction away from the identity component, and Mr(i)/s is quasi-finite over 
via the j-invariant, so X is quasi-finite over the separated S'-schemc P^. 

We wish to prove results concerning when certain components of lie in the 

maximal open subscheme of Mri(jv.n)- To this end, we first record a general lemma. 

Lemma A. 10. — Let ^ be an irreducible Artin stack over Fp, and let G be a finite 
locally free commutative ^-group that is cyclic with order p'^ . If Q has a multiplicative 
geometric fiber over ^ then all of its geometric fibers are connected. 

The abstract notion of cyclicity (with no ambient smooth curve group) is developed 
in |151 1.5, 1.9, 1.10] over arbitrary base schemes, and the theory carries over when 
the base is an Artin stack. We will only need the lemma for situations that arise 
within torsion on generalized elliptic curves (over Artin stacks). 

Proof. — We can assume e > 1, and we may replace C with its standard subgroup 
Cp of order p because it is obvious by group theory that a cyclic group scheme C of 
p-power order over an algebraically closed field of characteristic p is etale if and only 
if its standard subgroup of order p is etale. Hence, we can assume that C has order 
p. Our problem is therefore to rule out the existence of etale fibers. By openness of 
the locus of etale fibers and irreducibility of y, if there is an etale fiber then there is 
a Zariski-dense open U C y over which C has etale fibers. In particular, there is some 
geometric point u of U that specializes to the geometric point y G y where we assume 
the fiber is multiplicative, so after puUback to a suitable valuation ring we get an 
etale group of order p in characteristic p specializing to a multiplicative one. Passing 
to Cartier duals gives a multiplicative group of order p having an etale specialization, 
and this is impossible since multiplicative groups of order p in characteristic p are not 
etale. □ 

Theorem A. 11. — Let p be a prime, and choose a positive integer M not divisible 
by p such that M > 2. Also fix integers e,r > 0. If e = or r ~ then assume 
M A. Let Xq = {Eq, PqtCq) be a geometric point on the special fiber of the cuspidal 
substack in the proper Artin stack X = Mri(Mp'-,p=)/Z(p) over Zjpj, and assume that 
C'o is Stale. 

Let y be the irreducible component of xq in Xf^ . For every geometric cusp xi = 
{El, Pi, Ci) on y the group Ci is Stale and xi lies in the maximal open subscheme of 
X. Moreover, if x ^ Xq is a cusp specializing into y then the Zariski closure D of x 
in X lies in the maximal open subscheme and D is Cartier in X. 
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The case e = 2 is required in the main text. It is necessary to avoid the cases 
M <2 and (Af , r) — (4, 0) because in these cases there are cusps xq in characteristic 
p as in the theorem such that xq admits nontrivial automorphisms (and so cannot 
he in the maximal open subscheme of X). 



Proof. — We first check that the etale assumption at is inherited by aU geometric 
cusps xi G y. Let (£,CP, C) be the puUback to y of the universal family over X. The 
group C is cyclic of order p*^ with e > 0, so applying Lemma lA.lOl to its Cartier 
dual gives the result (since at a cusp a connected subgroup of p-power order must be 
multiplicative). 

Now we can rename xi as xq without loss of generality, so we have to check that 
xq lies in the maximal open subscheme of X and that if x £ Xq is a geometric 
cusp specializing to xq then the Zariski closure of x in X is Cartier. But the etale 
hypothesis on Co ensures that xq is not in the closed substack Zri(Afp'-,p'!)/Z(p) j so 
by Theorem IA.8I the stack X is regular at xq. Hence, since X is Z(p)-flat with pure 
relative dimension 1 (by Theorem lA.Sp . the desired properties of D at the end of the 
theorem hold once we know that is in the maximal open subscheme of X, which is 
to say that its automorphism group scheme G is trivial. To verify this triviality we 
will make essential use of the property that Co is etale. Let k be the algebraically 
closed field over which xq lives. Since Eq is c?-gon over k for some d > 1, G is a 
closed subgroup of the automorphism group /i^ x (inv) of the d-gon. Since Co is 
etale with order p'^ in characteristic p it follows that Cq maps isomorphically into the 
p-part of the component group of Ef^ — G„i x (Z/dZ). (In particular, p'^\d.) If i? 
is an artin local /c-algebra with residue field k then any choice of generator Qo of Cq 
must be carried to another generator of Co by any g g G{R) since Co{R) Co(fc) 
is a bijection. But ^d{R) acts on {Eo)fi in a manner that preserves the components 
of the smooth locus, and Cq meets each component of Eq"^ in at most one point. 
Hence, G O fid acts as automorphisms of the ri(Mp'^)-structure on Eq defined by 
P^Pq and Qq. Since Mp^ > 2 and Mp'^ ^ 4 (due to the cases we are avoiding), such 
an ample level structure on a d-gon has trivial automorphism group scheme. This 
shows that G D fid is trivial, so G injects into the group Z/2Z of automorphisms of 
the identity component G„i of i?™. Hence, the contraction operation on Eq away 
from (Pq) is faithful on G since contraction does not affect the identity component. 
It follows that G is a subgroup of the automorphism group of the ri(Mp'')-structure 
obtained by contraction away from (Pq). But Mp"^ ^ {1, 2, 4} since we assume M > 2 
and (M, r) ^ (4,0), so ri(Mp'')-structures on polygons have trivial automorphism 
functor. Thus, G — {1} as desired. □ 



We remark that, over the base Z(p), the results of §3-4 of [8] concerning the prop- 
erties of the stack Xi(N, n) carry over if p | n. In effect, the hypothesis on ordp(n) 
imposed in p] only intervenes in the proofs when n is not invertible on the base. 
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